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Abstract
In this paper, it is shown that the cosmological model that was intro-
duced in a sequence of three earlier papers under the title A Dust Universe
Solution to the Dark Energy Problem can be used to analyse and solve the
Cosmological Coincidence Problem. The generic coincidence problem that
appears in the original Einstein universe model is shown to arise from a mis-
understanding about the magnitude of dark energy density and the epoch
time governing the appearance of the integer relation between dark energy
and normal energy density. The solution to the generic case then clearly
points to the source of the time coincidence integer problem in the Fried-
man dust universe model. It is then possible to eliminate this coincidence
by removing a degeneracy between different measurement epoch times. In
this paper’s first appendix, a fundamental time dependent relation between
dark mass and dark energy is derived with suggestions how this relation
could explain cosmological voids and the clumping of dark mass to become
visible matter. In this paper’s second appendix, it is shown that that dark
energy is a conserved with time substance that is everywhere and for all
time permeable to the dark mass and visible mass of which the contracting
or expanding universe is composed. The last two appendices involve de-
tailed studies of cosmology, quantum dark energy related issues. There are
more detailed abstracts given with all four appendices.
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1 Introduction
The work to be described in this paper is an application of the cosmologi-
cal model introduced in the papers A Dust Universe Solution to the Dark
Energy Problem [23], Existence of Negative Gravity Material. Identification
of Dark Energy [24] and Thermodynamics of a Dust Universe [32]. The
conclusions arrived at in those papers was that the dark energy substance
is physical material with a positive density, as is usual, but with a neg-
ative gravity, -G, characteristic and is twice as abundant as has usually
been considered to be the case. References to equations in those papers
will be prefaced with the letter A, B and C respectively. The work in A,
B and C, and the application here have origins in the studies of Einstein’s
general relativity in the Friedman equations context to be found in ref-
erences ([16],[22],[21],[20],[19],[18],[4],[23]) and similarly motivated work in
references ([10],[9],[8],[7],[5]) and ([12],[13],[14],[15],[7],[25],[3]). Other useful
sources of information are ([17],[3],[30],[27],[29],[28]) with the measurement
essentials coming from references ([1],[2],[11]). Further references will be
mentioned as necessary. The application of the cosmological model intro-
duced in the papers A [23], B,[24] and C [32] is to the extensively discussed
and analysed Cosmological Coincidence Problem. This problem arose from
Einstein’s time static cosmology model derived from his theory of general
relativity. The Einstein first model is easily obtained from the Friedman
equations (1.1) and (1.2) with the positively valued Λ > 0 term that he
introduced to prevent his theoretical universe from collapsing under the
gravitational pull of its material contents,
8piGρr2/3 = r˙2 + (k − Λr2/3)c2 (1.1)
−8piGPr/c2 = 2r¨ + r˙2/r + (k/r − Λr)c2. (1.2)
Einstein’s preferential universe was of the closed variety which involves the
curvature parameter being unity, k = 1 and with a positively valued Λ, we
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have,
8piGρr2/3 = r˙2 + (1− Λr2/3)c2 (1.3)
−8piGPr/c2 = 2r¨ + r˙2/r + (1/r − Λr)c2. (1.4)
To get a static universe from these equations that holds for some finite time
interval we have to impose the non expansion condition, v = r˙ = 0, together
with the none acceleration condition a = v˙ = r¨ = 0 and if, additionally, we
choose the dust universe condition, P = 0, we get (1.5) and (1.6).
8piGρr2/3 = (1− Λr2/3)c2 (1.5)
0 = (1/r − Λr)c2. (1.6)
Einstein identified his cosmological constant Λ as arising from a density of
dark energy in the vacuum, ρΛ = Λc
2/(8piG), so that equations (1.5) and
(1.6) could be put into the forms (1.7) and (1.8) with the radius of the
Einstein universe given by (1.9),
8piG(ρ+ ρΛ) = 3c
2/r2E (1.7)
8piG(ρΛ) = c
2/r2E (1.8)
rE = Λ
−1/2. (1.9)
From (1.7) and (1.8) it follows that
8piGρ = 2c2/r2E (1.10)
ρΛ = ρ/2 (1.11)
ρ = 2ρΛ = ρ
†
Λ. (1.12)
Equation (1.12) is the generic version of the so called cosmological coinci-
dence problem. I think that Einstein would not have recognised the rela-
tionship between ρ and ρΛ at (1.12) as a problem in the early years after
discovering it. He probably thought that the 2 factor was interesting and
needed explaining but did not see it as a problem. In those early years
he was convinced the universe was a time static entity and had no vision
of the possibility that the relation might have a different coefficient from
the integer 2 which could come about by the now recognised and accepted
expansion process. Only after expansion was accepted does the question
following arise. If at time now equation (1.12) holds in an expanding uni-
verse of decreasing density ρ with time and with ρΛ an absolute constant,
3
is it not an extraordinary coincidence that at time now the coefficient in
(1.12) is exactly the integer 2 ? Clearly the significance of the factor 2 must
be seen against the likely possible values of ρ which probably varies from∞
to 0 with ρΛ remaining constant over the whole positive life time history of
the universe. Einstein’s generic cosmological coincidence problem is com-
pletely resolved by the cosmological model introduced in references A [23],
B,[24] and C [32] as I shall next explain. However, there is one important
reservation about this claim that will be discussed in the next section. I
call this first cosmological coincidence critical because it involves the inte-
ger point value number, 2, which would have zero probability of occurring
in any finite time ranged variable quantity. Such coincidences need to be
explained in any structure. The model introduced in those papers reveals
the true nature of dark energy material and that is the clue to resolving
the generic coincidence problem. One conclusion from those papers was
that the dark energy density, contrary to Einstein’s identification, should
be theoretically and physically measured as ρ†Λ (1.12) rather than as ρΛ.
The second conclusion from those papers was that dark energy has posi-
tive mass density but is characterised by carrying a negative gravitational
value of the gravitational constant, −|G|. Thus equation (1.12) achieves
Einstein’s purpose of stopping the gravitation collapse of the universe by
choosing conditions such that the positive mass material, ρ+ρ†Λ, within the
universe is gravitationally neutral, Gρ + (−G)ρ†Λ = 0. Thus although that
could have happened some time or other it would not necessarily hold for
ever as in a constant universe or indeed occur at the time now. The model
I am suggesting is a flat universe with, k = 0, and the actual time when
such conditions apply is denoted by tc and can be calculated. At that time
v(tc) 6= 0 contrary to the what is implied in the Einstein universe where
v = 0 given above. The time tc is the important time greatly in the past
and recognised recently by astronomers when the acceleration of the uni-
verse changes through zero from negative to positive or when dark energy
takes over from normal mass energy. The critical coincidence in the generic
Einstein universe is completely resolved by the conceptual aspects of the
Friedman dust universe that I have been proposing. This reinterpreted old
and modified model which is closely related to an early Lemaˆıtre model has
a structure that has identified the cause of the Einstein critical coincidence.
The nature of this coincidence can be described as, mistaking the Einstein
radius for a possible constant present time radius . This mistake is com-
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pletely excusable on the grounds that Einstein did not recognise that the
universe radius was in truth a variable with time quantity and he was com-
pletely unaware that at some time in the past the dark energy density as
he defined it was exactly half the normal mass density. The explanation of
the root cause of the critical Einstein coincidence can be used to identified
the cause of another critical time coincidence between the present time t†
and time tc, t
† = 2tc, in the Friedman dust universe. This will be explained
in the next section.
2 Coincidence in Friedman Dust Universe
The coincidence in the Friedman dust universe model involves, t†, the time
now and, tc, the time when the universe changed from deceleration to ac-
celeration.
t† = 2tc. (2.1)
This equation involves again the exact numerical integer value, 2. This is
clearly critical because if two events over time are so related, then there
must be some physical explanation because the probability of two such
time-point events on any finite time line range is zero. The generic Einstein
coincidence was critical in the same sense. This coincidence seems obviously
related to the generic Einstein coincidence which suggests it is also totally
explainable. The reservation I mentioned earlier is that you might see it
as ironic that a model with a coincidence can completely solve the coinci-
dence in an earlier model. This can be explained by the fact that theoretical
structures involve patterns of abstract symbols as one aspect and numerical
constants as another aspect when they are applied to physical situations.
The new model is correct in the first aspect but in the second aspect, the
numerical values have not all been associated with the measurement time,
t†, but rather some with a conceptual time, t0, the time that would be
associated with the centre of the values given by the astronomical measure-
ments. There is some subtlety in this situation because in this model, it
seemed that t† should be equal to t0. However, this equality created the
degeneracy that led to the coincidence. It can all be resolved by using the
formula for Hubble’s constant, the formula for the radius and the formula
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for the constant C,
H(t) = (c/RΛ) coth(3ct/(2RΛ)) (2.2)
r(t) = b sinh2/3(3ct/(2RΛ)) (2.3)
C = ΩM,0H
2(t0)r
3(t0). (2.4)
These expressions involve the numerical parameter, RΛ. It is necessary to
find the correct value for this parameter that is to be associated with these
formulae. To make this step, we need the astronomical measurements of the
Ωs. The accelerating universe astronomical observational workers [1] give
measured values of the three Ωs, and wΛ to be
ΩM,0 = 8piGρ0/(3H
2
0 ) = 0.25
+0.07
−0.06 (2.5)
ΩΛ,0 = Λc
2/(3H20) = 0.75
+0.06
−0.07 (2.6)
Ωk,0 = −kc
2/(r20H
2
0 ) = 0, ⇒ k = 0 (2.7)
ωΛ = PΛ/(c
2ρΛ) = −1± ≈ 0.3. (2.8)
From these equations assumed to hold at a conceptual time, t0, when the
universe passes through the centre value of the measurement ranges, we get
the formulae,
t0 = (2RΛ/(3c)) cosh
−1(2) (2.9)
RΛ = 3ct0/(2 cosh
−1(2)) (2.10)
tc = (2RΛ/(3c) coth
−1(31/2) (2.11)
t0/tc = cosh
−1(2)/ coth−1(31/2) = 2. (2.12)
Having found RΛ in terms of t0 this value of RΛ can be substituted into the
formula for Hubble’s constant, (2.2), to find the value of the time now , t†.
H(t†) = (c/RΛ) coth(3ct
†/(2RΛ)) (2.13)
t† = (2RΛ/(3c)) coth
−1(RΛH
†/c) (2.14)
=
(
t0
cosh−1(2)
)(
coth−1
(
3t0H
†
2 cosh−1(2)
))
(2.15)
=
(
2tc
cosh−1(2)
)(
coth−1
(
6tcH
†
2 cosh−1(2)
))
, (2.16)
where H† = H(t†) is the present day measured value of Hubble’s constant.
Equations (2.15) or (2.16) is essentially the solution to the coincidence prob-
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lem. If we write (2.16) in the form
t†/tc =
(
2
cosh−1(2)
)(
coth−1
(
6tcH
†
2 cosh−1(2)
))
(2.17)
t†/tc = 2f(2tc), (2.18)
where f(2tc) gives the deviation of the ratio t
†/t0 from the value unity and
removes the degeneracy. Expressed in another way it is the multiplicative
function that breaks the coincidence at (2.12) and converts the integer 2 to
a much less notable non integral value. However, we can give the formulae
(2.17) and (2.18) together an interpretation in terms of the uncertainties
of the measurement process. This is achieved by defining the measurement
deviation function dmeas(t0) as follows,
dmeas(t0) = t
†/t0 − f(t0) (2.19)
f(t0) =
(
1
cosh−1(2)
)(
coth−1
(
3t0H
†
2 cosh−1(2)
))
. (2.20)
The function (2.19) is a dimensionless measure of how much the central
Ω values from astronomy assumed to have occurred at t0 differ from the
time now measurement from the Hubble variable quantity H(t†) taken at
time now, t†. It is sufficient to assume that the event at t0 is still yet to
occur, t0 > t
†, then we see that the function dmeas passes through zero
when the full degeneracy holds at t0 = t
† and it has a maximum at t0 ≈
0.643× 1018s when t† and t0 assume the approximate maximum deviation,
0.17. When t0 = 0.643×10
18, t† can be assumed constant at the coincidence
value 4.34467× 1018 so that the maximum deviation times ratio is t†/t0 ≈
0.43467/0.643 ≈ 0.6757 or
t† = 0.6757t0. (2.21)
It follows that t†, the time now value, can vary from t0 down to a value of
t† ≈ 0.6757t0 = 1.3514tc. Thus the coincidence is decisively removed with
t† 6= t0 = 2tc.
3 Conclusions
It has been shown that the generic Einstein coincidence problem can be
resolved in terms of a correction in the value of the density he associated
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with his cosmological constant Λ and a rethink about the significance of
the radius of his model. This solution then points clearly to resolution of
the coincidence in the recent dust universe model as essentially the same
concepts are involved. The conceptual centre Ω value measurements from
the astronomers can not necessarily be assumed to occur at exactly the same
epoch time t0 as the measurement of the value of the Hubble constant at
epoch time now, t†. The usually assumed degeneracy t0 = t
† can be removed
to find the true range of values within which t† has to reside so that the
integer 2 aspect of the same degeneracy t† = 2tc sees the 2 replaced with a
less mysterious non integer. The time tc is when the expansion acceleration
changes from negative to positive.
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4 Appendix 1
Fundamental Dark Mass, Dark Energy Time
Relation in a Friedman Dust Universe
and in a Newtonian Universe
with Einstein’s Lambda
Appendix 1 Abstract
In this appendix, it is shown that the cosmological model that was intro-
duced in a sequence of three earlier papers under the title A Dust Universe
Solution to the Dark Energy Problem can be used to recognise a fundamen-
tal time dependent relational process between dark energy and dark mass.
It is shown that the formalism for this process can also be obtained from
Newtonian gravitational theory with only the additional assumption that
Newtonian space contains a constant universal dark energy density distri-
bution dependant on Einstein’s Lambda, Λ. It thus seems that the process
is independent of general relativity and applies in more contexts than just
the expansion of the entire universe. It is suggested that the process can be
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thought of as a local space and time packaging for dark mass going through
part transmutations into locally condensed visible material. The process
involves a contracting and then expanding sphere of conserved dark matter.
At two stages in the process at special times before and after a singularity
at time zero, the spherical package goes through a condition of gravitational
neutrality of very low mass density which could be identified as cosmologi-
cal voids. The process is an embodiment of the principle of equivalence. In
the next section a relation between Dark Mass and Dark Energy over epoch
time is deduced and analysed.
5 Cosmological Vacuum Polarisation
Consider the result for gravitational vacuum polarisation derived in paper
(D)
GρΛ = G−ΓB(t) +G+∆B(t) (5.1)
0 = G−ΓZ(t) +G+∆Z(t), (5.2)
where G− = −G and G+ = G. The upper case Greek functions ΓB(t),
∆B(t), ΓZ(t) and ∆Z(t) are defined from the equations of state for ∆ and
Γ substances which together are assumed to form all the time conserved
material of the universe,
P∆B/c
2 = ρ∆B,νc(t)ω∆(t) = ∆B(t) (5.3)
PΓB/c
2 = ρΓB,νc(t)ωΓ(t) = ΓB(t) (5.4)
P∆Z/c
2 = ρ∆Z,νc(t)ω∆(t) = ∆Z(t) (5.5)
PΓZ/c
2 = ρΓZ,νc(t)ωΓ(t) = ΓZ(t). (5.6)
The Z subscript above denotes zero-point values. Let us now consider the
Einstein cosmological constant, Λ, in relation to the Friedman equations,
8piGρr2/3 = r˙2 + (k − Λr2/3)c2 (5.7)
−8piGPr/c2 = 2r¨ + r˙2/r + (k/r − Λr)c2. (5.8)
Einstein introduced a physical explanation for his Λ term by associating
it with a density of what is nowadays called dark energy in the form of an
additional mass density, ρΛ, where ρΛ = Λc
2/(8piG). Thus with this density
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the Friedman equations can be written with the Hubble function of epoch
time H(t) as,
8piGρr2/3 = r˙2 + (k − 8piGρΛr
2/3)c2 (5.9)
−8piGPr/c2 = 2r¨ + r˙2/r + (kc2/r − 8piGρΛr) (5.10)
H(t) = r˙(t)/r(t) = (c/(RΛ)) coth(3ct/(2Rλ)). (5.11)
Thus the first friedman equation can be expressed as
8piG(ρ+ ρΛ)/3 = H
2(t) + (kc2/r2) (5.12)
8piGρTE = 3(H
2(t) + kc2/r2) (5.13)
ρTE = ρ+ ρΛ, (5.14)
where ρTE is the total density for mass at points within the boundary of the
universe as perceived by Einstein. Rearranging the first Friedman equation,
we have
8piG(ρ+ ρΛ)− 3(kc
2/r2) = 3H2(t) (5.15)
8piGρ
3H2(t)
+
8piGρΛ
3H2(t)
−
kc2
r2H2(t)
= 1. (5.16)
The three Omegas which the astronomers use to display their measurements
are defined using the three terms on the left hand side of (5.16) according
to which they have to add up to unity ,
ΩM (t) = 8piGρ/(3H
2(t)) (5.17)
ΩΛ(t) = 8piGρΛ/(3H
2(t)) (5.18)
Ωk(t) = −kc
2/(r2H2(t)) (5.19)
ΩM (t) + ΩΛ(t) + Ωk(t) = 1. (5.20)
There is a very strong case (A,B,C,D,E) for identifying the dark energy
mass density that should account for Einstein’s constant Λ term as given
by twice the density introduced by Einstein,
ρ†Λ = 2ρΛ (5.21)
ρT † = ρ+ ρ†Λ (5.22)
and this implies the formula (5.22) for the total amount of physical mass
density within the boundaries of the spherical universe in contrast with
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(5.14). Thus equation (5.15) should be replaced by
8piG(ρ+ ρ†Λ)− 3(kc
2/r2) = 3H2(t) + 8piGρΛ (5.23)
8piGρ
3H2(t) + c2Λ
+
8piGρ†Λ
3H2(t) + c2Λ
−
3kc2
r2(3H2(t) + c2Λ)
= 1. (5.24)
Thus we now have three new Omegas
Ω†M(t) = 8piGρ/(3H
2(t) + c2Λ) (5.25)
Ω†Λ(t) = 8piGρ
†
Λ/(3H
2(t) + c2Λ) (5.26)
Ω†k(t) = −k3c
2/(r2(3H2(t) + c2Λ)) (5.27)
Ω†M(t) + Ω
†
Λ(t) + Ω
†
k(t) = 1. (5.28)
Here I shall be mostly concerned with the flat space case k = 0 so that the
two possible and equivalent sets of Omegas satisfy the relations
ΩM(t) + ΩΛ(t) = 1 (5.29)
Ω†M(t) + Ω
†
Λ(t) = 1. (5.30)
Inspection of the formulae for H(t), ΩM(t) and ΩΛ(t) shows that ΩΛ(t)
varies between 0 and 1 as t varies between 0 and ∞ and consequently from
(5.29), ΩM (t) varies between 1 and 0. It follows that there will be a time
when
ΩM (t0) = 1/4 (5.31)
ΩΛ(t0) = 3/4 (5.32)
and this event will happen regardless of any measurements. I have assumed
that the epoch time of this event in the history of the universe is given
by t0. Thus the usual use of the subscript 0 to denote time now has been
abandoned and time now will in future be denoted by t†. The corresponding
and more realistic time t0 relation between non-dark energy materials and
dark energy will with a simple calculation be represented in terms of the
dagger Omegas by
Ω†M(t0) = 1/7 (5.33)
Ω†Λ(t0) = 6/7. (5.34)
This implies that about 85.7% of the universe mass is dark energy rather
than the usually assumed 75%, a substantially changed assessment. If this
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assessment of the percentage of dark energy to conserved mass is accepted,
it will also have some effect on the amount of visible mass assumed to
be present within the total mass of the universe. The ratio dark mass to
visible mass is often taken to be 4 to 1. Thus the percentage of dark mass
in the universe according to (5.33) and (5.34) would become reduced to
20× (4/7)% ≈ 11.44%. The total non-visible mass would then be 85.7% +
11.44% ≈ 97.14% leaving us with being able to see just about 2.86% of the
total mass. If it is taken that we know nothing about the dark elements, as
is often suggested, then our actual knowledge of the universe is mass wise
abysmal. However, fortunately it is not true that we have no knowledge
of the dark elements. We do have indirect knowledge of these aspects.
The theory associated with this model give a definite relation between dark
energy and dark mass this relation can be read off from the gravitation
polarisation equations (5.1, 5.2) repeated next
GρΛ = G−ΓB(t) +G+∆B(t) (5.35)
0 = G−ΓZ(t) +G+∆Z(t) (5.36)
ρ(t) = ρ∆,νc + ρΓ,νc . (5.37)
The third equation above expresses the total time conserved density ρ(t)
in terms of the CMB mass density, ρΓ,νc , and the rest of the universe
mass density ρ∆,νc . The νc subscript indicates that zero point energies are
included in these terms. The second equation above defines the zero-point
energy of the dark energy as being zero, effectively defining energy zero for
this cosmology theory. The total energy density for this model equation
(5.22) can thus be written as (5.41)
ρ†Λ = 2ρΛ (5.38)
ρT †(t) = ρ(t) + 2ρΛ (5.39)
ρT †(t) = ρ∆,νc + ρΓ,νc + 2(∆B(t)− ΓB(t)) (5.40)
ρT †(t) = ρ∆,νc + 2∆B(t) + ρΓ,νc − 2ΓB(t) (5.41)
ρT †(t) = ρ˜∆,νc + ρ˜Γ,νc (5.42)
ρ˜∆,νc = ρ∆,νc + 2∆B(t) (5.43)
ρ˜Γ,νc = ρΓ,νc − 2ΓB(t). (5.44)
The tilde versions of the basic two densities are the resultants of a gravi-
tational vacuum polarisation process in which the basic Γ and ∆ densities
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induce, via their pressures and coexistence, the two polarisation densities
2ΓB(t) and 2∆B(t) which together represent the dark energy density ρΛ,
equation (5.35). This process takes place through the equations of motion
of the two components. Thus from this point of view dark energy within
the universe boundary is a vacuum polarisation consequence of the of the
existence of the basic Γ and ∆ fields in interaction under general relativ-
ity. The dark energy density also exists outside the universe boundary but
in an un-polarised condition. Thus the polarisation within the universe is
constrained by the constant value that exists everywhere. To examine the
weight of this gravitational vacuum polarisation on the none polarised fields
separately at time t† using the numerical results from (A,B,C)
2ω∆(t
†) ≈ 6 (5.45)
2ωΓ(t
†) = 2/3 (5.46)
they must be expressed in terms off the none polarised fields as in (5.47)
and (5.48)
2∆B(t
†) ≈ 6ρ∆B,νc(t
†) (5.47)
2ΓB(t
†) = (2/3)ρΓB,νc(t
†) (5.48)
ρ∆B,νc(t
†) ≈ (104/1.9)ρΓB,νc(t
†) (5.49)
ρΓB,νc(t
†) ≈ 1.9× 10−4ρ∆B,νc(t
†) (5.50)
ρΛ = Λc
2/(8piG) ≈ 7.3× 10−27 (5.51)
ρΓB,νc(t
†) = aT 4(t†) ≈ 4.66× 10−31. (5.52)
The relation (5.49) also comes from (A,B,C). Thus we can express the pos-
itively weighted ∆B and negative weighted ΓB vacuum polarisation density
poles as
2∆B(t
†) ≈ (6× 104/1.9)ρΓB,νc(t
†) (5.53)
2ΓB(t
†) ≈ (2/3)1.9× 10−4ρ∆B,νc(t
†) (5.54)
2∆B(t
†) ≈ 3× 104ρΓB,νc(t
†) (5.55)
2ΓB(t
†) ≈ 1.26× 10−4ρ∆B,νc(t
†). (5.56)
Returning to the gravitational vacuum polarisation equation (5.1) repeated
here for convenience,
GρΛ = G−ΓB(t) +G+∆B(t) (5.57)
0 = G−ΓZ(t) +G+∆Z(t), (5.58)
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we can do a spot numerical check using the values above and without the
G factor as follows
7.3× 10−27 ≈ ρΛ = ∆B(t
†)− ΓB(t
†) (5.59)
= ρ∆ω∆ − ρΓωΓ (5.60)
≈ (3× 104 − (1/3))ρΓ (5.61)
≈ (3× 104)ρΓ (5.62)
≈ (3× 104)× 4.66× 10−31 (5.63)
≈ (13.98/1, 9)× 10−27 (5.64)
≈ 7.3× 10−27. (5.65)
This is just a rough check that does give a good though approximate result
while showing that the induced ∆ and induced Γ fields in the form of a
difference are the source of the dark energy density within the universes
boundaries. At step (5.61), the −1/3 term from the Γ field is abandoned
because it contributes negligibly in relation to the 104 from the ∆ term.
However, at step (5.62) the Γ field only appears to be a main contributor
because it occurs as multiplicatively weighted by the ∆ factor, 104. As the
∆ field is all the conserved universe field density less the CMB the induced
delta field ∆ is all the induced conserved density universe field less the in-
duced CMB field. The ∆ field includes the so called dark matter as its
major contributor of about 80% with normal visible mass making a smaller
percentage of about a 20% contribution. Thus the important conclusion is
that dark energy value within the universe is a direct consequence of the
induced mass from the ∆ field which itself is largely dark mass . Briefly,
dark energy within the universe is numerically very close in value to the
vacuum polarised dark mass and if the Γ field is also classified as dark the
closeness becomes coincidence. From the preceding discussion and equation
(5.57) it should not be inferred that dark mass is a primary source of dark
energy. I think the reverse is nearer to the truth and equation (5.57) is
the direct result of a mechanical equilibrium between pressure equivalent
induced density from the CMB and the sum of the pressure induced densi-
ties from the ∆ and Λ field at the boundary and within the universe. Thus
this mechanical equilibrium effectively transfers the dark energy pressure
from outside the universe to its boundary and hence by homogeneity to in-
side the universe. The PEID concept will be explained in the next section
on pressure equivalent induced densities.
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6 Pressure Equivalent Induced Density, PEID
It turns out to be very useful to introduce the concept of Pressure Equivalent
Induced Density, PEID , in relations to the equations of state associated
with specific subsystems of the total system. For example, suppose one
subsystem is called the ∆ system with the equation of state,
P∆(t) = c
2ρ∆ω∆(t) (6.1)
∆(t) = ρ∆(t)ω∆(t) (6.2)
= P∆(t)/c
2, (6.3)
then I take the definition for the PEID, ∆(t), to be given by equation (6.2).
Thus ∆(t) has the same dimensions as density because in common with all
the omegas, ω∆(t), is dimensionless and it is derived from ρ∆(t) through
the multiplicative action of the inducing function, ω∆(t). From (6.3) it is
clearly essentially a pressure with the dimensions of density. It represents
this pressure in the form of the mass density , ∆(t). I am not aware that
the PEID slant on equations of state has any important part elsewhere
in physics but it seems that it does play an essential role in cosmology in
relation to the understanding of dark energy and its connection to other
key densities. This is clear from inspection of equation (5.1) again with and
without the G weightings,
GρΛ = G−ΓB(t) +G+∆B(t) (6.4)
ρΛ = ∆B(t)− ΓB(t). (6.5)
Thus from equation (6.5) the source of dark energy density within the uni-
verse is just the difference of the PEIDs for the ∆ and Γ fields which to-
gether constitute all the conserved mass of the universe. Thus the mystery
of the origin of the dark energy density, ρΛ = Λc
2/(8piG) in Einstein’s form
or in my revised form ρ†Λ = 2ρΛ, within the universe is completely resolved
by this theory. Possibly this is the reason that dark energy is not visible.
It could be because pressures are not usually visible and the pressure sta-
tus of the dark energy density is its dominant characteristic. However, it
seems to me that dark energy with approximately an equivalent density of
5 hydrogen atoms per cubic meter would not be visible anyway. The for-
mula (6.5) can also be used to show a simple relation between dark mass
and dark energy but before discussing that aspect it is useful to consider
in the next paragraph the way this theory structure has developed and can
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continue developing. In the first two papers, A and B of the four A,B,C,D ,
I found the dust universe model from scratch by just integrating the Fried-
man equations. The result subsequently turned out to be a reincarnation of
the first model introduced by Lema ıˆtre [25] but with substantially different
interpretations and additional details. The version of the model in A and
B , like most cosmological models, involved the assumption that the mass
density of the universe only depended on time and so was space-wise homo-
geneous. However, the structure unearthed in that version of the model was
completely adequate to describe cosmological expansion and its change from
deceleration to acceleration at some time tc in the past and various other
new understandings of the cosmological process, all in complete agreement
with up to date measurement. Thus this basic structure did not depend
on differentiating the mass density into separate components to represent
various contributory fields such as the electromagnetic or heavy particle
contributions. The dark energy contribution was involved in that version of
the theory but not included as part of the conserved mass of the universe,
it was rather treated as a permanent constant density resident of the hyper-
space into which the universe expands. I shall here denote that model by
U0 = UΛ(DM), meaning that it can be assumed to only contain an energy
conserved over all time quantity of dark mass, MU , while, as we have seen,
it swims in and is permeated with the dark energy content of an enveloping
3D-hyperspace. The conserved mass density, ρ(t) ∼ ΩM (t), in this model
must represent all the dark mass, if we assume that none of this dark mass
has converted into visible mass and further because it satisfies the equation
(5.29) which has to add up to unity to ensure that fact. Thus the model
UΛ(DM), can be conceived as not containing any visible hadronic matter,
which as we know can only be present in a very small proportion anyway
and it would also likely be none uniformly distributed. It follows that the
model U0 = UΛ(DM) can be regarded as a very bland, over all time, ap-
proximation to the actual universe and which can be built up in stages to
represent the universe with increasing accuracy. I emphasise the usual cos-
mological basic assumption that the model’s density function is space-wise
homogeneous means that if the model contains any dark mass within its
boundaries then it contains only uniform dark mass and together with the
uniformly distributed dark energy background. The next stage in the build
up process in which the cosmic microwave back ground was added was pub-
lished in C and will be denoted by U1 = UΛ(DM = ∆(t) ∪ Γ(t)). This
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means that the fixed amount of dark mass in the first version is now able
to transform into time dependent components ∆(t) for one part and Γ(t)
for the complementary part, the CMB, with the same total mass quantity
as the original dark mass. The next stage of complexity is the introduction
of the possibility that part of the ∆ mass, MU can transform into visi-
ble mass, often called hadronic mass. This universe can be represented by
U2 = UΛ(DM = (∆(t) = ∆D(t) ∪∆V (t)) ∪ Γ(t)) with now the quantity of
∆ mass being shared between the dark and visible versions as denoted by
the D and V subscripts. Clearly the increasing complexity procedure can
continue to produce universes with lower homogeneity described by U3 and
so on. Let us now return to discussing the relation between dark mass and
dark energy.
7 Dark Mass, Dark Energy Ratio
Consider firstly the basic universe type Friedman dust universe, U0. The
model in this basic case is an excellent representation of the modern as-
tronomical measurements. However the basic density function is assumed
to be rigorously homogeneous and contains only conserved with time dark
mass and the hyperspace permeating dark energy. The density functions
for the dark mass, dark energy and the ratio, rΛ,DM(t), of dark energy to
dark mass as functions of time are respectively represented by
ρ(t) = (3/(8piG))(c/RΛ)
2 sinh−2(3ct/(2RΛ)) (7.1)
ρ†Λ = (3/(4piG))(c/RΛ)
2 (7.2)
rΛ,DM(t) = ρ
†
Λ/ρ(t) = 2 sinh
2(3ct/(2RΛ)) (7.3)
rΛ,DM(±tc) = 2 sinh
2(±3ctc/(2RΛ)) = 1. (7.4)
Equation (7.3) is a general result but in the case of a U0 universe it can be
expressed differently by using equation (6.5) with the Γ term taken zero as
ρΛ = ∆B,0(t) (7.5)
= ρ(t)ω∆,0(t), (7.6)
the zero subscripts having been added to differentiate the functions con-
cerned from those in the U1 version. From paper C, we know that
ω∆(t) =
(
MΓ
3MU
+
3(c/RΛ)
2ρ−1(t)
8piG
)
/(1−MΓ/MU). (7.7)
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Thus the zero Γ version for U0 is given by
ω∆,0(t) =
(
3(c/RΛ)
2ρ−1(t)
8piG
)
. (7.8)
Substituting this into equation (22.42) confirms the validity of (22.42). Thus
the rather trivial equation (22.42) gives the all time dependent relation be-
tween dark energy and dark mass for the nontrivial model U0. However,
trivial or not, the dark energy and dark mass densities are strongly nu-
merically related through the function ω∆,0(t) and this applies for all time,
(−∞ < t < +∞). Let us now consider the ratio, rΛ,DM(t), of dark energy
to dark mass in the case of a universe in which the homogeneity has been
broken by the addition of the cosmic microwave background, replacing some
by the CMB. From (7.3), we have generally,
rΛ,DM(t) = ρ
†
Λ/ρ(t) = 2 sinh
2(3ct/(2RΛ)). (7.9)
However, with the addition of the Γ field
ρ(t) = ρ∆(t) + ρΓ(t) (7.10)
so that the dark energy dark mass ratio of U0 at (7.9) becomes in U1
rΛ,DM,1(t) =
ρ†Λ
ρ∆(t) + ρΓ(t)
= 2 sinh2(3ct/(2RΛ)). (7.11)
The denominator of the ratio remains unchanged as also does the second
equality because the numerical values are unchanged. It might be thought
that the left and right sides of the first equality do not now agree because
only the ∆ part contains dark mass, that which is left from the U0 universe
case after some has converted to CMB. Numerically there is no problem
as the quantity of dark mass is presumably shared between the ∆ and Γ
fields. However, the terminology might be questioned. Arguably , the CMB
is composed of photons which are not visible and therefore the CMB can
be classified as dark mass equivalent material. Of course photons convey
information about other visible materials to the eye but photons themselves
are not seen in the usual meaning of the word. I have added the extra sub-
script 1 in the U1 ratio so that no confusion can arise if the case I have just
made is not accepted. The dark energy dark mass ratio in either form above
represents a fundamental time conditioned relation between dark mass and
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dark energy. This result and the formula (6.5) both of which hold inside
and on the boundary of the universe show how totally interdependent are
the two dark facets. The ratio rΛ,DM(t) is of great generality and could
play an important part in helping to understand cosmological voids , a re-
cent astronomical discovery. This ratio has come out of general relativity
but it can be shown that it is independent of general relativity and its
existence only depends on some simple assumptions added to Newtonian
gravitational theory. The very basic and major significance of this ratio will
be discussed and demonstrated in the next section by showing that it is
directly derivable from Newtonian gravitational theory. It will be indicated
how this implies a context for its significance within smaller regions of space
within the universe’s boundary.
8 Newtonian Dark Mass and Dark Energy
Consider an infinitely extended 3-dimensional Euclidean space such as that
in which Newtonian gravity is usually considered to act between objects
having the physical characteristic called mass. I shall make the usual as-
sumption that Newtonian gravity acts between enclosed regions of space
of spherical shape that enclose a uniform density distribution of mass that
can change with time but retaining an overall fixed quantity with respect to
time of the usual positive gravitational mass within it boundary, an amount
M , say. Usually there will be some moving gravitational centroid at which
the gravitation force between objects will be thought to be acting. I also
only use configurations in which this centroid is the centre of a sphere. The
difference from Newtonian theory that I am about to introduce is the as-
sumption that this Euclidean space is filled uniformly throughout all its
extent by a positively mass density field of negatively characterised grav-
itational material such as the dark energy found to exist in the cosmos.
This negative gravity material will be denoted by the constant density,
ρ†Λ = c
2Λ/(4piG) just as in my double version of the Einstein theory quan-
tity, ρΛ = c
2Λ/(8piG). Consider now a spherical region of this space of radius
r about the origin of this space as centre. Suppose this sphere contains a
total amount of dark mass , M , with its positive gravitation characteristic,
G. The sphere will also contain an amount of negative gravity, −G, dark
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energy given by
MΛ = ρ
†
ΛV (t) (8.1)
V (t) = 4pir3(t)/3. (8.2)
Thus the total gravitational acceleration caused by the sphere’s contents at
its surface will be given by the Newtonian gravitational formula,
r¨(t) = M †ΛG/r
2(t)−MG/r2(t) (8.3)
= 4pir3ρ†ΛG/(3r
2)− C/(2r2) (8.4)
= 4pirρ†ΛG/3− C/(2r
2) (8.5)
= rc2Λ/3− C/(2r2). (8.6)
If we multiply equation (8.5) through by r˙, we obtain
r¨r˙ = 4pirr˙ρ†ΛG/3− Cr˙/(2r
2) (8.7)
d
dt
r˙2/2 =
d
dt
r2Λc2/6 + C
d
dt
r−1/2 (8.8)
r˙2 = (rc)2Λ/3 + Cr−1 (8.9)
C = 2MG. (8.10)
The constant of integration that could occur in integrating (8.8) can be
taken to be zero under the conditions that r˙(t) is taken to be infinite with
r(t) = 0 at t = 0. Thus the spherical region expands with high speed from
the origin, r = 0 at time t = 0. The solution to equation (8.9) was obtained
in paper A in the form
r(t) = b sinh2/3(3ct/(2RΛ)) (8.11)
RΛ = (3/Λ)
1/2 (8.12)
b = (RΛ/c)
2/3C1/3 (8.13)
C = 2MG (8.14)
where M here is any dark mass value. It follows that the dark mass density
of the spherical region containing total dark mass, M , is as in (7.1) given
by
ρ(t) = M/(4pir3(t)/3) = M sinh−2(3ct/(2RΛ))/b
3 (8.15)
= (3/(8piG))(c/RΛ)
2 sinh−2(3ct/(2RΛ)). (8.16)
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Thus the ratio of dark energy mass density to dark mass density within this
region over time is
rΛ,DM(t) = ρ
†
Λ/ρ(t) = 2 sinh
2(3ct/(2RΛ)) (8.17)
which again is the same as (7.3). The formula for the ratio of dark energy
to dark mass, rΛ,DM(t), depends only on the dark mass density through t
and RΛ. The time variable origin t = 0 depends only on where the sphere
expansion is assumed to have started from with radius zero, an arbitrarily
chosen space origin r(t) = 0 at time t = 0, in Euclidean three space. Thus
it seems that this is a fundamental formula governing a time evolutionary
process relating dark energy and dark mass. The consequence of this situ-
ation is that we can visualise, quite independently of relativity, such mixed
mass region expansions. They can take place over time from anywhere in
astro-space and apparently originate from a point quantity of dark mass ,
M , with infinite density. Further, the formula is time reversible so that
it suggests that spherical contractions of spherical dark mass regions can
also be visualised as a possible cosmological sequence of events resulting in
the appearance of a point dark mass, M, with infinite density locally. As
such an expansion proceeds the spherical region picks up dark energy mass
from the enveloping Newtonian space, the expansion continuing with the
expanding region having then a mixture of the two gravitational types of
mass, ±G. An important event in the history of such an expansion is when
there are equal quantities of the two mass types within the sphere. At this
event occurring, the sphere will be gravitationally neutral. The sphere will
at that time exert no gravitational force on material outside its boundary,
it will be gravitationally isolated from any material exterior to itself. If we
denote the time when the sphere is so isolated by tc this time can be found
from the formula of dark mass and dark energy mass equivalent equality,
either equation (8.18) or equation (8.19)
rΛ,DM(tc) = ρ
†
Λ/ρ(tc) = 1 (8.18)
ρ†Λ = ρ(tc) (8.19)
sinh2(3ctc/(2RΛ)) = 1/2 (8.20)
⇒ tc = ±(2RΛ/(3c)) sinh
−1(1/21/2) (8.21)
and, curiously, the times ±tc do not depend on the amount of dark mass
within the expanding sphere but only depends on the value of the cosmo-
logical constant, Λ. It follows that the time tc has exactly the same value
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as the relativistic epoch time when the universe changes from deceleration
to acceleration. The time tc is a fundamental universal time interval in the
cosmological context. It is important to note that, as the process is time
reversal invariant, the contraction sequence, in negative time, with mass M
can be immediately followed by an expansion sequence with the same mass
M , in positive time, so that conservation of mass is assured and mass is
neither created from nothing nor is it destroyed at the singular event when
t = 0. The non dependence of the process on the amount of dark mass
within the boundary of the contracting or expanding sphere of dark mass
has a surprising explanation. The process conforms exactly to the principle
of equivalence. Just as the acceleration of a falling mass in a gravitational
field does not depend on the value of the falling mass so the acceleration
r¨Λ,DM(t) of the collapsing sphere process does not depend on its mass. The
collapsing sphere in its own gravitational field conforms exactly too and is
a manifestation of the principle of equivalence. It can occur locally and
is a basic part of the description of the whole universe motion with epoch
time. Recognition of this fundamental process in relation to other physical
processes in cosmology will be discussed in the final section.
9 Appendix 1 Conclusions
The cosmological model introduced in references A, B, C and applied to
the finding of solutions to the cosmological constant problem in D has here
been applied to unravelling the dark mass problem. Here it has been shown
that a fundamental time moving relation holds between dark energy and
dark mass . This relation was first shown to hold at the scale of the whole
universe by using the Friedman equations from Einstein’s general relativity
and involving his positively valued cosmological constant Λ. Here it has been
shown that the same relation can be derived from Newtonian gravitation
theory with only the addition of a constant and universally distributed
density of dark energy, ρ†Λ = 2ρΛ, twice the Einstein value ρΛ, in Newtonian
space and only subject to Newtonian gravity theory. This result implies that
the formula relating dark mass and dark energy is independent of general
relativity and the way it is derived also show that it can have applications
at a much smaller scale than that of the entire universe. It can describe
local space and time small scale movements of dark mass in relation to
dark energy. Thus I suggest the formula could play an important role in
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explaining the way that dark mass, if taken to be primary positive gravity,
+|G|, mass, can condense, precipitate or clump to become galaxies or just
empty voids [35] in the cosmological fabric. As we have seen, there are five
main events in the time sequences evolution of this dark energy dark mass
process, E0, E±1, E±∞, say. They involve E0 when some definite random
quantity of dark mass M is located at some definite point in three space
at some definite time labelled as t = 0 for the process. At that time the
dark mass is by itself because a point cannot contain any of the uniform
and finite constant density of dark energy mass. Thus in space around the
point mass it will own a Newtonian gravitational potential field −MG/r. At
both the events E±1 at times ±tc because of the time reversal invariance the
contracting or expanding sphere will contain equal quantities of the dark
mass and dark energy so that the sphere will be gravitationally neutral.
It will thus be isolated gravitationally and so not own any gravitational
potential. However the total mass density within the spheres boundaries
will be ρ(tc) + ρ
†
Λ, a numerically very small value ≈ 9 proton masses per
cubic meter. I think that such a sphere being gravitationally isolated and of
such low density could qualify for the title cosmological void . At the events
E±∞, the sphere will own a gravitation potential at points within its surface
involving both the dark energy and dark mass within concentric spheres of
radius r <∞ but dominated by the repulsive dark mass for relatively large
values of r. The contraction phase between E−∞ and E0 might represent
a moving platform for an original dark mass concentration to convert from
pure dark mass to becoming dark mass contaminated with visible mass while
its volume descends to occupying some relatively small region containing a
group of visible galaxies or, a single galaxy or even a single particle. In other
words, the descending spherical volume could represent a time dependant
packaging process for cosmological clumping. A final remark about the
relation of this theory structure to aether theory is appropriate. It is dark
energy rather than dark mass that seems to play a role much like the all
pervading aether which has been used to give a physical explanation for
electromagnetic wave motion in so called empty space. The dark energy
density is certainly an all-pervading effect in this cosmological theory as
has been shown in this article and as it is also perceived in the present day
arena of astronomical observations. It seems to be an everywhere present
background reference level against which many astrophysical and quantum
problems can be understood and measured. The dark mass or positive
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gravity element appears to represent a measure of a soliton like wave effect
either universally or locally of a boundary motion at an interface between
dark mass and dark energy described by the inverse of the ratio, rΛ,DM(t).
10 Appendix 2
Expanding Boundary Pressure Process
All Pervading Dark Energy Aether
in a Friedman Dust Universe
with Einstein’s Lambda
Abstract
In this appendix a more detailed study of the role of dark energy mass as a
conserved with time substance that permeates the expanding universe. It
shown that if dark energy is to be conserved over all time it has to satisfy the
cosmological vacuum polarisation equation over the pre-singularity range of
contraction and the post-singularity range of expansion in order for it to
remain in a self mechanical equilibrium inside and outside the boundary
of the expanding universe and so be able to be always and everywhere
permeable to the positive gravity dark mass and visible mass material within
the universe.
11 Effect of Boundary Pressures
In the paper D, [34], it was shown that the quantum vacuum polarisation
idea can be seen to play a central role in the Friedman dust universe model
introduced by the author. An essential part of that role involves the rela-
tions between three pressures at the boundary of the expanding universe.
In particular of fundamental importance is a relation between pressure from
the CMB, PΓ, pressure from all the rest of the universe which is not CMB
and not dark energy, P∆, and pressure from dark energy itself, PΛ. This
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relation takes the form
PΓ = P∆ + PΛ (11.1)
PΛ = c
2ρΛωΛ = −c
2ρΛ (11.2)
ωΛ = −1. (11.3)
Equation (11.2) together with equation (11.3) is the well known specifica-
tion implying negative pressure, PΛ, from the dark energy density in the
Einstein form ρΛ = Λc
2/(8piG). In earlier work, I have referred to the equa-
tion (11.1) as representing a mechanical equilibrium between the Γ field and
the ∆ and Λ fields combined. I now think that designation while remaining
formally correct should be presented with a changed interpretation because
of the negative pressure associated with the dark energy field, Λ. In the
usual specification of a mechanical equilibrium two pressures P1 = P2 are
said to be equal where there is no complication of possible negative parts for
either of them. Pressures on either side of a boundary between non-miscible
liquids for example are said to be in mechanical equilibrium if the bound-
ary is not accelerating. In such a case, although the pressures act at the
boundary in opposite directions they are both taken as positive. Mechani-
cal equilibrium in thermodynamics is a very contentious area of research so
that my explanation in this context is very minimal. As a result of these
complications it is desirable to express equation (11.1) in the alternative
form using a modulus sign, | |. The term boundary of the universe at time
t refers to a conceptual sphere of radius given by the function r(t) defined
earlier (A).
PΓ = P∆ − |PΛ| (11.4)
P∆ = PΓ + |PΛ|. (11.5)
In this form, all the pressures are expressed as positive quantities and the
mechanical equilibrium between these three field can now be more safely
reinterpreted as a mechanical equilibrium between the ∆ field and the Λ
and Γ fields combined. This version of the equilibrium condition at the
boundary of the expanding universe makes good sense physically for at
least two reasons. The first reason is that dark energy material exists on
both sides of the expanding boundary of the universe so the ±|PΛ| versions
refer to the pressure direction on the boundary from dark energy material
on one side or the other, whilst the gravitational pressure, P∆, is directed
towards the material within the universe and so, on the boundary, is only
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effectively equivalent to a positive pressure towards the centre of expansion.
This last property is a well-known result originating from Newtonian gravi-
tational theory. Taking the total pressure, P , in the Friedman equations as
positive is a rather anomalous convention which has caused much confusion
which I attempt here to unravel. The second reason is that the form (11.4)
rearranged as in (11.6)
PΛ = −|PΛ| = PΓ − P∆ (11.6)
P (t) = +PG + PΛ = P∆(t)− PΓ(t) + PΛ ≡ 0 ∀ t. (11.7)
clearly expresses the physics of the equilibrium condition. It is that the
negative outward pressure PΛ that would be exerted on the boundary from
the dark energy inside the universe is equal to the difference of the outward
CMB pressure, PΓ, less the inward pressure P∆ exerted on the universe
boundary from within by the positive G or normal gravitating material
within the universe. The equations (11.6) and (11.2) firmly identify both
the pressure PΛ and the mass density ρΛ of the dark energy as coming from
the quantities PΓ and P∆ both defined with meanings within the universe.
Elsewhere, I have expressed the equation (11.6) using the PEID form which
explains it in terms of the mass densities, Γ(t), ∆(t) rather than the equiv-
alent pressures,
ρΛ = ∆(t)− Γ(t). (11.8)
GρΛ = G+∆(t) +G−Γ(t) (11.9)
G+ = +G (11.10)
G− = −G. (11.11)
The equation (11.7) uses (11.6) to bring us back to the total pressure P (t)
which as indicated is identically zero for all t and so indicates that the whole
history of the universe in this model is that of a dust universe. Clearly then
the total pressure P (t) cannot be responsible for the acceleration. This
conclusion agrees with what was noted earlier that the acceleration is accu-
rately determined by a generalisation of the Newtonian gravitation theory
only involving adding to the inverses square law a linear law term involving
Einstein’s cosmological constant Λ. The realisation that the various pres-
sures that we have been discussing earlier do not determine the dynamical
behaviour of the system generates the question, what is this complicated
pressure structure all about?
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The immediate answer to the question at the end of the last paragraph
is that the pressure structure that derives from the equilibrium relation be-
tween the three pressures, PΛ, P∆ and PΓ generates the important relation,
(11.8) or (11.9). This relation shows that within the spherical volume of
the universe the constant valued dark energy density, ρΛ, is determined by
the dark mass dominated quantity pair ∆(t) and Γ(t). I emphasise within
because both these quantities are part of the constant space and time con-
served energy of the universe, MU . However, the space-time constant dark
energy mass density ρΛ, by initial assumption, exists everywhere in the uni-
verse’s enveloping space with the same definite numerical value outside as
inside. Thus the following subsidiary question presents itself: If the dark
energy density inside the universe is given by (11.8) in terms of the inter-
nal constituents, ∆ and Γ, how is it that outside the universe involving
regions which will not have been reached by the internal constituents of
the expanding universe, the dark energy density ρΛ exist in its own right by
assumption, with the same constant value as inside and apparently not gen-
erated by any internal influence? The unique character of this model does
allow a satisfactory answer to this question which depends on the model’s
strict conformance to the principle of conservation of energy in contrast
with the standard big bang model . This model involves two basic positive
types of mass defined by their gravitational character, which is determined
by whether the mass appears in the theory multiplied with G+ = +G or
G− = −G, where the gravitational constant G is always constant, G > 0.
Dark mass and normal mass belongs to the G+ category and dark energy
belongs to the G− category. An important way in which this model differs
from the big bang type universe is that the beginning of time in this theory,
rather than occurring at time t = 0, occurs at time t = −∞ and the end of
time occurs at t = +∞. This can be interpreted as this universe lasts for
ever . The reader may prefer to regard this infinite time scale as just one
out of a possible infinite number of infinite contiguous periodic time scales
and so reinforcing the lasting for ever concept. This last extension can be
usefully incorporated in the theory, see paper (C). Let us now consider the
situation at and after the start of time taken as t = −∞ + tǫ, tǫ ≈ +|0|
at this stage the radius of the universe is infinitely large, r(−∞ + tǫ), and
will decrease with advancing time. In other words, near the beginning of
time the universe is a sphere occupying almost the whole of hyperspace and
so the internal generating dark energy process (11.8) is operative almost
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everywhere in hyper space. It follows that the universe is full of the dark
energy density ρΛ, though this density is itself small it adds up in total over
the whole universe volume to a very large amount of dark energy mass. The
universe also contains a much smaller density value, ρ(−∞+tǫ), of conserved
positive gravitational mass, MU , so that ρ(−∞ + tǫ)VU(−∞ + tǫ) = MU .
This conserved mass contains the mass of the universe that we see. The
basic assumption in this model is that dark energy density, ρΛ(t), exists
everywhere and at all time so that if the radius of the universe at t = −∞
is infinite and if the space is flat Euclidean then the universe has no outside
and takes in all the hyper-universe so that all the dark energy is enclosed.
After the small time elapse, tǫ, the universe will have acquired a small out-
side volume and a slightly smaller inside volume than it had initially. It
follows that in principle there are two types of simple likely possibilities.
Firstly, the contracting universe leaves no dark energy density outside as
it evolves in time and keeps the original value inside at the same value
as given by formula (11.8). Secondly, as it evolves in time it leaves out-
side sufficient dark energy density to keep to the uniform constant density
condition everywhere and so keeping the dark energy density inside at the
same value given by formula (11.8) as outside. The first option means that
the dark energy within the universe would decrease with decreasing volume
consequently losing density to no recognisable sink and so implying dark
energy is not conserved. This would also violate the assumption that dark
energy density is constant everywhere and at all time. Thus we are left with
only the second possibility and consequently the actual scenario has to be
that as the universe contracts the internal pressure process described by the
internal ∆ and Γ fields precipitates the right amount of dark energy mate-
rial outside in the space produce by the contracting universe. This process
will continue for all time and, in particular, past the singularity at t = 0
when the volume is zero. Thus after the singularity, when the universe is in
an expanding mode, it will encounter the pre-singularity dark energy den-
sity outside its boundaries precipitated in its contracting mode. Thus the
main role of formula (11.9) is to keep the conserved and bounded dark mass
within the universe freely permeable to or non interacting with the dark
energy in which it swims by maintaining the self mechanical equilibrium of
the dark mass density in the form,
PΛ,in = PΛ,out (11.12)
ρΛ,in = ρΛ,out, (11.13)
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where PΛ,in is the dark energy pressure just inside the boundary and PΛ,out
is the dark energy pressure just outside the boundary of the universe. Equa-
tion (11.13) gives the same condition in terms of densities.
12 Appendix 2, Conclusions
All this suggests that the dark energy density, although pressure identified,
has also to be taken seriously as a genuine mass density. It also shows that
the pre-singularity negative time phase is a necessary adjunct to making
sense of this theory. The conclusion associated with this section is that the
formula (11.9) together with the full time history of this model assures that
dark energy and dark mass are both conserved over all time. The above ar-
gument is not meant to be mathematically rigorous but rather a plausibility
construction. No doubt the reader can think of various improvements
13 Appendix 3
.
A Quantum Theory Friendly Cosmology
Exact Gravitational Waves
based on a Friedman Dust Universe
with Einstein’s Lambda
Appendix 3 Abstract
In this paper, it is shown that this cosmological model can be expressed
in a form which is quantum theory friendly. That is to say, besides not
have a cosmological constant problem and also not having a coincidence
problem, aspects dealt with in earlier papers and continued in the first part
of this paper, it is shown that the dust universe can be expressed in a form
having a close resemblance to the Schro¨dinger equation formalism. This
resemblance cannot be seen as an identity of the two systems because the
Schro¨dinger equation is linear and the Friedman equations are non-linear.
This aspect is discussed in detail and a precise relation is shown to exist
and is demonstrated to hold between cosmology theory structure and the
quantum theory linear superposition of eigen-states. This relation describes
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cosmology’s non-linearity relative to Schro¨dinger linearity and is called, bi-
linear superposition. However, in spite of not achieving an identity of struc-
ture between cosmology and quantum theory, sufficient equivalence can be
shown to exist via a comparison of quantum wave motion as described by
the Schro¨dinger equation and gravitational wave motion as described by
the Friedman dust universe to suggest that a quantum theory of cosmol-
ogy and gravity is likely to be possible via this route. An exact non-linear
Schro¨dinger equation description for the model is obtained. In this paper’s
appendix, it is shown that this Schro¨dinger equation has an infinite mul-
tiplicity of space variable solutions that can be used to remove the usual
restriction of cosmology theory to uniform space variation with dependence
on epoch time only. In the paper D, [34], it was shown that the quantum
vacuum polarisation idea can be seen to play a central role in the Fried-
man dust universe model introduced by the author. In the paper, [40],
it was shown that the Friedman equation structure can be converted into
a non-linear Schro¨dinger equation structure. Here, this aspect is further
developed by supplementing the solutions to this time only equation with
a dependence on a three dimensional space position vector, r, so that the
equation remains consistent with its cosmological origin. This step then en-
ables finding cosmological models that are not restricted to having a mass
density that is certainly time dependent but otherwise remains constant
over all three dimensional position space at every definite time.
Altogether, the objective has been to produce an alternative to the stan-
dard model which contains less paradoxical structure than does the standard
model and which at the same time is hopefully adaptable to being quan-
tized in some sense or other. The question of in what sense is the model to
be quantized , I see to be an open question which may or may not have a
unique answer and to this issue discussion will here be devoted. My strategy
is to mould the cosmological model of the Friedman dust universe into a
form that has a structure as near as possible to the structure of Schro¨dinger
quantum theory by emphasising a wave motion aspect of the dust universe
Friedman model. This will be explained in detail in Section 5 which is de-
voted to consideration of the well known essentials of Schro¨dinger quantum
theory that need somehow to be present in the cosmological model. The
basic version of this dust universe model is described by a sphere in three
dimensional Euclidean space with a changing with epoch time, t, radius
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magnitude, r(t),
r(t) = b sinh2/3(±3ct/(2RΛ)) (13.14)
b = (RΛ/c)
2/3C1/3 (13.15)
RΛ = (3/Λ)
1/2 (13.16)
C = 2MUG. (13.17)
RΛ is often called the de Sitter radius and C is Rindler’s constant formed
from twice the product of the conserved constant mass, MU , within the
total changing volume of the universe and the Newtonian gravitational con-
stant, G. Λ is Einstein’s cosmological constant. r(t) is rigorously a solution
to the Friedman equations and consequently also rigorously a solution to
Einstein’s field equation’s which holds for epoch time from t = −∞ to +∞.
The ± can usually be omitted provided the cube root of the sinh func-
tion is assumed taken after squaring so that radius, r(t), is time symmetry
invariant, r(t) = r(−t) and no complex roots are involved. The formulae
(13.14)→ (13.17) contain all the basic mathematical-theoretical information
about the Friedman dust universe model involved in this research program.
For example, the Hubble function, H(t), the conserved mass density, ρ(t),
and Einstein’s dark energy density, ρΛ, are given by
H(t) = r˙(t)/r(t) = (c/RΛ) coth(3ct/(2RΛ)) (13.18)
ρ(t) = 3MU/(4pir
3(t)) = ρΛ sinh
−2(3ct/(2RΛ)) (13.19)
ρΛ = Λc
2/(8piG). (13.20)
The main objective of this paper is to demonstrate that the cosmological
model described above can be seen to be quantum theory-friendly. That is
to say it can be physically and numerically expressed so that it is not in
conflict with quantum theory. The spade work for this has been done in the
application papers ([34], [36]) in which it was shown that firstly the famous
cosmological constant problem does not arise in this model and secondly the
equally famous cosmological coincidence problem can be removed from the
structure of this model, if care is taken in the use of astronomical measure-
ments. The form of the well known cosmological coincidence problem that
occurs in this model takes what I call a critical form because it involves
the integer 2 in the result t0 = 2tc, where it was thought that t0 should
correspond to time now and tc is a definitely fixed time when the universe’s
radial acceleration is zero. However, as time now for an observation depends
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when the observation is made and is in that sense variable, it is difficult to
see how t0 = 2tc can be a universal result. Thus it is more rational to define
t0 as the definite value of epoch time when the ratio of the quantity of dark
energy mass certainly within the universe to the quantity of conserved mass
which is for all time within the universe can be thought to have the value
3 = ΩΛ/ΩMU as identified in terms of the Ωs by astronomical observations
at time now which has also commonly been called t0. These astronomical
measurements are displayed next. The accelerating universe astronomical
observational workers [1] give measured values of the three Ωs, and wΛ to
be
ΩM,0 = 8piGρ0/(3H
2
0 ) = 0.25
+0.07
−0.06 (13.21)
ΩΛ,0 = Λc
2/(3H20) = 0.75
+0.06
−0.07 (13.22)
Ωk,0 = −kc
2/(r20H
2
0 ) = 0, ⇒ k = 0 (13.23)
ωΛ = PΛ/(c
2ρΛ) = −1± ≈ 0.3. (13.24)
I abandon the use of t0 to represent time now or the rather vague time
when the measurements were made and represent time now by the symbol
t† which still remains vague but for the purpose of theoretical discussion
can taken to be the time of the present moment. The time t0 will be used
to represent the much less vague time when the universe passes through the
centre value of the measurement range. I intend to re-express the second
equalities above but before making that step it necessary to give a more
detailed account of what the measurements above mean in their initial form
in relation to the form I shall replace them by. This question of meanings
and relations follows in a subsection.
13.1 Cosmological Epoch and Terrestrial Time
For clarity I now rewrite the first two equations, (13.21) and (13.22) in
terms of the time, t0,
ΩM(t0) = 8piGρ(t0)/(3H
2(t0)) = 0.25
+0.07
−0.06 (13.25)
ΩΛ(t0) = Λc
2/(3H2(t0)) = 0.75
+0.06
−0.07, (13.26)
where the Hubble function given at (13.18) is used. The first equalities in
these equations define definite Ω(t0) functions of time, whereas the second
two equalities say that known functions of t0 lie within definite numeri-
cal ranges. These second equalities in (13.25) and (13.26) can be usefully
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rewritten as follows
3× 0.19
8piG
<
ρ(t0)
H2(t0)
<
3× 0.32
8piG
(13.27)
3× 0.68
Λc2
<
1
H2(t0)
<
3× 0.81
Λc2
. (13.28)
Inverting these equations, we have
8piG
3× 0.19
>
H2(t0)
ρ(t0)
>
8piG
3× 0.32
(13.29)
Λc2
3× 0.68
> H2(t0) >
Λc2
3× 0.81
(13.30)
and using, (13.19) and (13.20), these equations can be converted to
1
0.19
> cosh2(3ct0/(2RΛ)) >
1
0.32
(13.31)
1
0.68
> coth2(3ct0/(2RΛ)) >
1
0.81
. (13.32)
It follows that these two equations are saying the same thing because
coth2(3ct0/2RΛ) =
cosh2(3ct0/(2RΛ))
cosh2(3ct0/(2RΛ))− 1
. (13.33)
According to the measurement (13.22) information the universe will pass
through the centre of the ΩΛ values at some time, t0, say, given by
3ct0/(2RΛ) = coth
−1((1/0.75)1/2) (13.34)
= coth−1(2/31/2) = cosh−1(2) (13.35)
t0 = (2RΛ/3c) cosh
−1(2). (13.36)
From (13.36) it is clear that we cannot find a numerical value for the special
time t0 unless we can find a numerical value for RΛ and this is equivalent
to knowing the numerical value for Λ = (3/RΛ)
1/2. However, in the very
unlikely special case of coincidence, when t† = t0 we can calculate RΛ be-
cause the relation first displayed below implies the second and then the
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third followed by the definite special case value for t0 at fourth place.
t† = (2RΛ/(3c))coth
−1(RΛH
†/c) (13.37)
= t0 = (2RΛ/(3c))cosh
−1(2) (13.38)
RΛ = 2c/(3
1/2H†) ≈ 1.48353× 1026. (13.39)
t0 = 4.35× 10
17 s ≈ 4.756× 1011 yr. (13.40)
In fact, the value of t0 given at (13.40) is the theoretically given value
mentioned earlier for the time when ΩΛ/ΩMU = 3, an event that occurs
inevitably, a result independent of measurement. From the third equality
above and t0 6= t
† we get the general result
RΛ = 3ct0 coth
−1(31/2) = (3ct0/2) cosh
−1(2). (13.41)
There is an important lesson from the general result (13.41) which is that
if t0 is determined in value then so is RΛ = (3/Λ)
1/2 or Λ and visa versa.
The time t0,min when the time t0 is at the lower measurement value and the
time t0,max when the time t0 is at the higher measurement value are given,
using (13.32) and the fact that in general RΛ is to be determined, by
t0,min =
(
2RΛ
3c
)
coth−1((1/0.81)
1
2 ) ≈ 3.8634× 1017 s(13.42)
t0,max =
(
2RΛ
3c
)
coth−1((1/0.68)
1
2 ) ≈ 4.8568× 1017 s(13.43)
t0,mean = (t0,min + t0,max)/2 ≈ 4.3601× 10
17 s (13.44)
t0,mean − t0 ≈ 10
15 s ≈ 3.17× 107 yr (13.45)
t0,mean/t0 ≈ 1.00232. (13.46)
Thus the length of the time range between which time , t0, viewed as a
variable over the measurement range, can be expected to be found is given
by
t0,max − t0,min = 0.9934× 10
17 s ≈ 3.15× 109 yr (13.47)
t0,max/t0,min = 4.8568/3.863 ≈ 1.2572 (13.48)
t0,max/t0 = 4.8568/4.756 ≈ 1.02119. (13.49)
The quantities t0,min and t0,max are here taken to be the lower and upper time
limits associated with the measurements of the omegas given at equations
34
(13.25) and (13.26). In all the evaluations of times above, RΛ has been
given the special case coincidence value. In the non-coincidence general
case it would have a value different from this but this value could only be
determined by some new or other experimental procedure. The coincidence
value has been used just to give some idea of the various bounds of the
quantities involved quantities. From these equations assumed to hold at a
conceptual time, t0, when the universe passes through the centre value of
the measurement ranges, we get the exact formulae,
t0 = (2RΛ/(3c)) cosh
−1(2) (13.50)
RΛ = 3ct0/(2 cosh
−1(2)) (13.51)
tc = (t0 cosh
−1(2)) coth−1(31/2) (13.52)
t0/tc = cosh
−1(2)/ coth−1(31/2) = 2. (13.53)
Having found RΛ in terms of t0, this value of RΛ can be substituted into the
formula for Hubble’s constant, (13.54), to find the value of the time now ,
t†.
H(t†) = (c/RΛ) coth(3ct
†/(2RΛ)) (13.54)
t† = (2RΛ/(3c)) coth
−1(RΛH
†/c) (13.55)
=
(
t0
cosh−1(2)
)(
coth−1
(
3t0H
†
2 cosh−1(2)
))
(13.56)
=
(
2tc
cosh−1(2)
)(
coth−1
(
6tcH
†
2 cosh−1(2)
))
, (13.57)
where H† = H(t†) is the present day measured value of Hubble’s constant.
Equations (13.56) or (13.57) is essentially the solution to the coincidence
problem. If we write (13.57) in the form
t†/tc =
(
2
cosh−1(2)
)(
coth−1
(
6tcH
†
2 cosh−1(2)
))
(13.58)
t†/tc = 2f(2tc), (13.59)
where f(2tc) gives the deviation of the ratio t
†/t0 from the value unity and
removes the degeneracy. Expressed in another way it is the multiplicative
function that breaks the coincidence at (13.53) and converts the integer 2 to
a much less notable non integral value. However, we can give the formulae
(13.58) and (13.59) together an interpretation in terms of the uncertainties
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of the measurement process. This is achieved by defining the measurement
deviation function dmeas(t0) as follows,
dmeas(t0) = t
†/t0 − f(t0) (13.60)
f(t0) =
(
1
cosh−1(2)
)(
coth−1
(
3t0H
†
2 cosh−1(2)
))
. (13.61)
The function (13.60) is a dimensionless measure of how much the central
Ω values from astronomy assumed to have occurred at t0 differ from the
time now measurement from the Hubble variable quantity H(t†) taken at
time now, t†. It is sufficient to assume that the event at t0 is still yet to
occur, t0 > t
†, then we see that the function dmeas passes through zero
when the full degeneracy holds at t0 = t
† and it has a maximum at t0 ≈
0.643× 1018s when t† and t0 assume the approximate maximum deviation,
0.17. When t0 = 0.643×10
18, t† can be assumed constant at the coincidence
value 4.34467× 1017 so that the maximum deviation times ratio is t†/t0 ≈
0.43467/0.643 ≈ 0.6757 or
t† = 0.6757t0. (13.62)
It follows that t†, the time now value, can vary from t0 down to a value
of t† ≈ 0.6757t0 = 1.3514tc. Thus the coincidence is decisively removed
with t† 6= t0 = 2tc. This calculation is based on the assumption that the
true physical value of the Hubble function at time t†, H(t†), is the mea-
sured central value H† used in the formulae (13.56) and (13.57). However,
H(t†) could have any value in its measurement range which according to
W. Freedman, [37], is
72± 8 Kms−1Mpc−1 ≈ (2.33± 0.25)× 10−18 s−1. (13.63)
This implies that the quantity H† used in the formulae (13.56) and
(13.57) could have values in inverse seconds in the range
H†min = 2.07× 10
−18 < H† < 2.58× 10−18 = H†max. (13.64)
the quantities H†min and H
†
max defined at equation (13.64) can then be used
to produce two further versions of equations (13.60) and (13.61) referring
here to the limit end points of the Hubble measurement range
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dmeas,min(t0) = t
†
min/t0 − fmin(t0) (14.65)
fmin(t0) =
(
1
cosh−1(2)
)(
coth−1
(
3t0H
†
min
2 cosh−1(2)
))
(14.66)
t†min = 4cosh
−1(2)/(3× 31/2H†min) (14.67)
dmeas,max(t0) = t
†
max/t0 − fmax(t0) (14.68)
fmax(t0) =
(
1
cosh−1(2)
)(
coth−1
(
3t0H
†
max
2 cosh−1(2)
))
(14.69)
t†max = 4 cosh
−1(2)/(3× 31/2H†max) (14.70)
All three of the function dmeas,min(t0), dmeas(t0) and dmeas,max(t0) have a
maximum deviation value a ≈ 0.17 at a value of t0 appropriate for the func-
tion in question. However, the range of the variable t0 in these functions
is constrained by the lower and upper limits for the variable t0, t0,min and
t0,max given earlier, (13.42) and (13.43). The maximum value of the de-
viations with the measurements available lie outside the limits. Thus the
actual positive deviations that seem to be possible under these constraints
are reduced numerically to parts of the curves within the constraints. Neg-
ative deviations occur of about −0.34, and −0.51 which refer to the case
when t0 occurs before t
†, a type of situation not discussed in previous work.
The results obtained above can now be used to discuss in section (15) what
I shall call the time-now problem.
15 Time-Now Problem
The time quantities t0, time when the Omegas were measured, and t
†, time
now, have conventionally been taken to be the same physical quantity with
the same numerical value. As I have shown above, this led to the so called
cosmological coincidence problem. Both these time quantities have been re-
garded as representing time now and this in spite of the fact that the two
separate measurements involved occurred at distinctly different terestrial
times. Consequently, the explanation for the conceptual mistake involved
in generating the cosmological coincidence problem is worth further dis-
cussion as it throws light on the nature of and reason for the coincidence
difficulty that for years has seemed to be so intractable. I suggest the
problem arises from the nature of epoch time keeping in cosmology which
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involves enormously large numerical values such as 1010 years and also from
the relation between epoch time and terrestrial time. It seems that the
equality of these two, very distinct time keeping systems, has been taken
for granted. We can analyse these issues using the information about the
measurements and the times when they occurred using the two quantities
ΩΛ(t) and H(t). In the theoretical cosmology structure that I have been
using, both of the quantities are explicit functions of the time variable t and
this time variable is the epoch time that occurs in the Friedman theory and
derives from Einstein’s field equations. However, the astronomers refer to
the closely related object pair ΩΛ,0 and H0 as the measured values of these
quantities at the time of measurement or roughly speaking at time now.
This is indicated by the zero subscript and essentially means time now .
The time concept that is being used by the astronomers in this context is
terrestrial time, time measured by earthbound clocks of some sort or other,
adjusted to some running numerical value such as Greenwich mean time.
Once this competing time forms situation is recognised a whole collection
of uncertainties are released into cosmological theory arena. To analyse this
conflicting times situation between cosmological time and terrestrial time
it is necessary to bring some precision into the definitions of the quantities
under discussion. In particular, the idea of time now that I have previously
denoted by t† has always been a very vague concept. For one thing the term
time now implies some variable like character to the value of its symbol in
the sense that time now used today is numerically less than time now when
used tomorrow. The reason for this vague use in cosmology is obviously due
to the fact that on the cosmological scale very little will have appeared to
have changed between today and tomorrow or indeed between 10 years ago
or 10 years into the future and this is directly a result of the numerically
large numbers associated with time passage in cosmology. This vagueness
about the time now idea, I think, has been a major contributor to the time
coincidence problem. For this reason I shall now abandon the use of the
symbol t† as representing the vague time now and firmly only use it to rep-
resent the time that is to be found from the measured central value, H†, of
the Hubble variable from the theoretical form of that parameter, (13.18)
H† = H(t†) = (c/RΛ) coth(3ct
†/(2RΛ)) (15.1)
t† = (2RΛ/(3c)) coth
−1(RΛH
†/c). (15.2)
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Thus mathematically nothing has changed. However, I have abandoned
the terminology time now for the symbol t† which is now to be firmly
associated only with the cosmological time giving the measured value of
H(t). I now rename t† as the 2001-Hubble measurement epoch time or
briefly 1Hmeastime. This time is clearly now a fixed constant and indeed
one of the very large numbers that occurs for cosmological parameters. In
parallel with this new definition for t†, I also rename the cosmological time
quantity t0 as 2003-ΩΛ measurement epoch time or briefly 3Ωmeastime and
which is also one of the very large numbers that occurs for cosmological
parameters. The time t0 is the time when the ratio of conserved positive
gravitational mass is exactly one third of the negative gravitational mass,
or dark energy mass, within the universe’s boundary, when ΩM/ΩΛ = 1/3.
The special importance of the time t0 is that it appears that it should be
associated with the central measured value of ΩΛ. See equations (13.42)
and (13.43).
16 Coincidence Free Universe and Lambda
We have seen that the effect of using the dust universe solution in the defini-
tion for the astronomer’s ΩΛ(t) leads to a very effective means of eliminating
the cosmological coincidence problem but results in an inability to calculate
the value of Einstein’s Λ because of complications due to Λ in Hubble’s
function H(t), (15.1) and (17.19).
H† = H(t†) = (c/RΛ) coth(3ct
†/(2RΛ)) (16.1)
t† = (2RΛ/(3c)) coth
−1(RΛH
†/c) (16.2)
= (2(3/Λ)1/2/(3c)) coth−1((3/Λ)1/2H†/c) (16.3)
From equation (16.3) it is clear that if t† were known we could calculate
Λ and vice versa. However, a measured value of t† is not given by the
measurements so far being used in this work so that Λ cannot be calculated.
The problem of finding the numerical value of Λ rests on finding a measured
value for t†. Unfortunately, no direct measurement of the value of t† seems
to be possible at this time in astronomy history. The only way out of this
dilemma at the moment seems to me to be to accept the consensus result of
many astronomy measurements, extrapolations and speculations that the
age of the universe, tA, is approximately 13.7 × 10
10 yrs ≈ 4.320432 ×
1017 s. This value can be assigned to t† as what might be called a working
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hypothesis, clearly not correct and very approximate but perhaps the best
that can be done at this time. In this spirit, I shall take this value for t†
together with the central measured value ofH(t†) in formula (16.3) to enable
the finding of a best value for Λ. It was the identification t† = t0 that lead to
the coincidence problem initially and also made possible the calculation of
the initially coincidence value for Λ, denoted now by the subscript C as ΛC .
This can all be seen from the following displayed equations by taking t† = t0.
The resulting numerical solution for ΛC is also displayed and compared with
removed coincidence numerical value for Λ obtained by taking t† = tA at
equation (16.9).
t0 = (2(3/Λ)
1/2/3c) cosh−1(2) (16.4)
≈ 1.52× 108 yrs (16.5)
t† = (2(3/Λ)1/2/(3c)) coth−1((3/Λ)1/2H†/c) (16.6)
tA ≈ 4.320432× 10
17 s (16.7)
ΛC = 1.3631× 10
−52 (16.8)
Λ = 1.3536× 10−52 (16.9)
t†/t0 = coth
−1((3/Λ)1/2H†/c)/ cosh−1(2) ≈ 0.99 (16.10)
t0 − t
† = 0.01t0 ≈ 1.52× 10
6 yrs (16.11)
Equation (16.10) is the ratio of t† = tA or, essentially the time-now value or
age of the universe, to the time, t0, when the amount of negatively gravi-
tating mass to positively gravitating mass is 3/1 and the ratio, t†/t0, is less
than one. This taken with equation (16.11) has the implication that we
have about 1.5 million years before the 3/1 stage in the universe’s evolution
is reached at time t0. Einstein’s cosmological constant plays an essential
and fundamental role in the dust universe model. If Λ is put to zero within
this model, it ceases to exist because most of the physical quantities in-
volved become zero. In particular, because the vital time arguments such
as 3ct/(2Rλ) → 0. Thus Λ is the essential and fundamental constant at
the basis of the Friedman dust universe. I claim, ending this section, that
this cosmological model, using the value for Λ at equation (16.9), is both
free from the cosmological constant problem and the cosmological coinci-
dence problem. Thus the model is of a suitable form to be used to address
the problem of how to quantize cosmology. This development follows in
Section 17
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17 Universe Expansion as Non-Linear Wave
It is convenient here to give a very brief reminder of the structure of
Schro¨dinger theory in relation to the Friedman equations. The two Fried-
man equations from general relativity and the Schro¨dinger equation from
quantum theory have the following three forms,
8piGρr2/3 = r˙2 + (k − Λr2/3)c2 (17.1)
−8piGPr/c2 = 2r¨ + r˙2/r + (k/r − Λr)c2 (17.2)
i~
∂Ψ(r, t)
∂t
= −
~
2
2m
∇2Ψ(r, t) + V (r)Ψ(r, t) (17.3)
EnΨn(r, t) = i~
∂Ψn(r, t)
∂t
(17.4)
∇ = i∂/∂x + j∂/∂y + k∂/∂z (17.5)
ρQ(r, t) = Ψ(r, t)Ψ
∗(r, t) (17.6)
Ψ(r, t) =
∑
n
∫
cnΨn(r, t). (17.7)
At equation (17.6) the usual definition of the quantum probability density,
ρQ(r, t), is given as the product of the wave function for the state Ψ(r, t) with
its complex conjugate Ψ∗(r, t). At (17.7), is given the crucially important
equation from quantum theory that is called the principle of linear super-
position. It is here written in a somewhat symbolic form but in fact means
that the solution of the schro¨dinger equation at (17.3) can be expressed as
a discrete sum or integral or both over constants cn times the energy eigen-
functions, given by equation (17.4), of the Schro¨dinger equation. In order to
attempt to get at a quantum theory of cosmology or gravity it is reasonable
to attempt to convert the two Friedman equations (17.1) and (17.2) into
a form similar to the Schro¨dinger equation (17.3). The possibility of such
a transformation would seem to depend on what the equations from cos-
mology and the equation from quantum mechanics have in common. There
are two Friedman equations and in fact there are two Schro¨dinger equations
because a real part and an imaginary part are added together to make the
complex function Ψ(r, t) of the space and time variables. Both sets have an
important density function associated with them, the mass density ρ(t) in
the Friedman set, and the probability density, ρQ(r, t), for the quantum set.
Other than these two features they seem to have little in common and the
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likelihood of finding a conversion from one set to the other seems remote in
the extreme. Such a conclusion is reinforced by the recognition of the well
known fact that General relativity is a non-linear theory, a non-linearity it
transfers to its offspring the Friedman equations, whereas the schro¨dinger
equation is linear. However, I shall show in the following pages that this
very non-linearity of the Friedman equations can be precisely evaluated and
expressed relative to the linearity of the Schro¨dinger equation. This step
leads to the formulation of a non-linear wave theory for gravitational waves
in contrast with existing gravitational wave theory. The existing theory of
gravitational waves usually involves a crude linearisation of general relativity
describing waves that have so far not been detected. There is an exception
to this by what is called an exact gravitational sandwich wave of rather
unconvincing theory that has also not been detected, see Rindler, page 284,
[16]. The waves that are to be described in the following pages have been
detected and in fact constitute the expanding or contracting universe struc-
ture. The non-liearity of the Friedman set can be expressed relative to the
linearity of the Schro¨dinger set, (17.3), symbolically as follows,
f(t) =
∑
j
∫
nf,j(t)∑
j
∫
df,j(t)
, (17.8)
the space variation of the Schro¨dinger equation does not occur because
the cosmology structure does not depend on local space variations at fixed
time. The n and d functions refer to the placement of the superposed terms,
either numerator or denominator. The function, f(t), just represents what
function is being analysed by the non-linear form. I shall call equation (17.8)
the bilinear superposition principle for cosmology. It shows clearly that the
non-linearity of cosmology involves the ratio of two linear suppositions of
the quantum mechanics type. This principle will be derived in the following,
while showing that it allows the contraction and expansion of the universe to
be represented as a non-linear standing spherical gravitational wave of time
varying radius. The next step in developing this formalism will be to analyse
the main mass densities that occur in this model by showing that they
can be expressed in the form of the bilinear superposition principle, (17.8).
Two basic positive everywhere and for all time mass densities have been
identified in the development of this cosmological theory. They are the mass
density of positive gravitational mass ρ(t) and the mass density of negative
gravitational mass ρ†Λ which is also everywhere and for all time constant. A
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third mass density, ρG = ρ(t) − ρ
†
Λ is the density of positive gravitational
mass relative to negative gravitational mass or alternatively it can be called
the gravitational weighted mass density, ρG(t) = (G+ρ(t)+G−ρ
†
Λ)/G, G− =
−G, G+ = +G. This last mass density does become negative for some epoch
times. The definition for ρ(t) is,
ρ(t) = (3/(8piG))(c/(RΛ)
2 sinh−2(3ct/(2RΛ)) (17.9)
= A sinh−2(3ct/(2RΛ)) (17.10)
A = (3/(8piG))(c/RΛ)
2 (17.11)
RΛ = (3/Λ)
1/2, (17.12)
where the constant A is introduced as a convenient simplification at formula
(17.10) and Λ is Einstein’s cosmological constant. Inspection of the formula
for ρ(t) reveals it to be a positive function because the sinh appears squared.
It is also time symmetric, t → −t, leaves its value unchanged also because
of the square. Thus it can be replaced by placing a modulus sign about the
time variable as
ρ(t) = A sinh−2(3c|t|/(2RΛ)), (17.13)
and this will apply for all time, −∞ < t < +∞. This means that we can
use the inverse Fourier transform relation,
exp(−ωΛ|t|)) = (2ωΛ/pi)
∫ ∞
0
cos(ωt)dω/(ω2Λ + ω
2), (17.14)
exp(−ωΛ|t|)) = (2/pi)
∫ ∞
0
cos(ωΛst)ds/(1 + s
2), (17.15)
s = ω/ωΛ, (17.16)
where ωΛ is a constant and more conveniently in the second form where s is
a none-dimensional dummy to express suitable functions of decreasing with
|t| → ∞ quantities as functions of integrals over the oscillatory quantity,
cos(ωt) = cos(ω|t|). ρ(t) is a suitable function because
ρ(t) = A sinh−2(3ct/(2RΛ)) (17.17)
= A((exp(ωΛ|t|)− exp(−ωΛ|t|))/2)
−2 (17.18)
= A
(
1− exp(−2ωΛ|t|)
2 exp(−ωΛ|t|)
)−2
(17.19)
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= A
(
1− 2 exp(−2ωΛ|t|) + exp(−4ωΛ|t|)
4 exp(−2ωΛ|t|)
)−1
(17.20)
=
4A exp(−2ωΛ|t|)
1− 2 exp(−2ωΛ|t|) + exp(−4ωΛ|t|)
(17.21)
ρ1/2(t) =
2A1/2 exp(−ωΛ|t|)
1− exp(−2ωΛ|t|)
(17.22)
A = (3/(8piG))(c/RΛ)
2 (17.23)
ωΛ = 3c/(2RΛ) ≈ 3.0312× 10
−18 cs−1. (17.24)
We note from equation (17.15) that by giving the constant ωΛ the value
zero the general Fourier transform result below follows
1 = (2/pi)
∫ ∞
0
ds/(1 + s2). (17.25)
Thus all the terms in the fraction at equation (17.21) including the zero
frequency unit term in the denominator can be expressed as integrals over
the dummy variable s. Both the numerator and the denominator can be
expressed as a superposition of oscillatory cosines or unity, the unit term
being included using equation (17.25). It should be noted that once the
inverse Fourier transform involving the cos(nωΛ|t|) functions are accepted,
all such functions can be replaced with cos(nωΛt) because cosines are even
functions anyway. The numerator and denominator of the fraction involved
are as follows,
Nρ(t) = 4A exp(−2ωΛ|t|) (17.26)
=
8A
pi
∫ ∞
0
cos(2ωΛst)
1 + s2
ds (17.27)
nρ(t, s) =
8A
pi
(
cos(2ωΛst)
1 + s2
)
(17.28)
Nρ(t) =
∫ ∞
0
nρ(t, s)ds (17.29)
Dρ(t) = 1− 2 exp(−2ωΛ|t|) + exp(−4ωΛ|t|). (17.30)
=
2
pi
∫ ∞
0
1− 2 cos(2ωΛst) + cos(4ωΛst)
1 + s2
ds (17.31)
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df(t, s) =
2
pi
(
1− 2 cos(2ωΛst) + cos(4ωΛst)
1 + s2
)
(17.32)
ρ(t) =
Nρ(t)
Dρ(t)
=
∫∞
0
nρ(t, s)ds∫∞
0
dρ(t, s)ds
. (17.33)
Before discussing the significance of formulae (17.27), (17.31) and (17.33),
it is useful to consider the integral form for the dark energy density, ρ†Λ =
(3/(4piG))(c/RΛ)
2. As this is a constant it can be written in the form
ρ†Λ =
4A
pi
∫ ∞
0
ds
1 + s2
= 2ρΛ. (17.34)
This can be used to find oscillatory based form for the gravitationally
weighted mass density ρG,
ρG = ρ(t)− ρ
†
Λ (17.35)
= −2A
1− 4 exp(−2ωΛ|t|) + exp(−4ωΛ|t|)
(1− exp(−2ωΛ|t|))2
. (17.36)
Thus ρG(t) can be expressed in terms of the ratio of numerator and denom-
inator given by
NG(t) = −2A(1− 4 exp(−2ωΛ|t|) + exp(−4ωΛ|t|)) (17.37)
= −
4A
pi
∫ ∞
0
1− 4 cos(2ωΛst) + cos(4ωΛst)
1 + s2
ds (17.38)
nG(t, s) = −
4A
pi
(
1− 4 cos(2ωΛst) + cos(4ωΛst)
1 + s2
)
(17.39)
NG(t) =
∫ ∞
0
nG(t, s)ds (17.40)
DG(t) = (1− exp(−2ωΛ|t|))
2 (17.41)
=
2
pi
∫ ∞
0
1− 2 cos(2ωΛst) + cos(4ωΛst)
1 + s2
ds (17.42)
dG(t, s) =
2
pi
(
1− 2 cos(2ωΛst) + cos(4ωΛst)
1 + s2
)
(17.43)
ρG(t) =
NG(t)
DG,f(t)
=
∫∞
0
nG(t, s)ds∫∞
0
dG(t, s)ds
. (17.44)
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The dark mass dark energy time relational process ratio, rΛ,DM(t), can be
expanded in oscillatory integrals as
rΛ,DM(t) = ρ
†
Λ/ρ(t) = 2 sinh
2(3ct/(2RΛ)) (17.45)
= 2A/
(
Nρ(t)
Dρ(t)
)
= 2A
Dρ(t)
Nρ(t)
= 2A
∫∞
0
dρ(t, s)ds∫∞
0
nρ(t, s)ds
(17.46)
=
∫∞
0
(1− 2 cos(2ωΛst) + cos(4ωΛst))(1 + s
2)−1ds
2
∫∞
0
cos(2ωΛst)(1 + s2)−1ds
(17.47)
Hubble’s function squared is a suitable function for expression as bilinear
superposition
H2(t) =
(
c
RΛ
)2
coth2(ωΛt) =
((
c
RΛ
)
1 + exp(−2ωΛt)
1− exp(−2ωΛt)
)2
(17.48)
NH(t) =
(
c
RΛ
)2
(1 + 2 exp(−2ωΛ|t|) + exp(−4ωΛ|t|)) (17.49)
=
2
pi
(
c
RΛ
)2∫ ∞
0
1 + 2 cos(2ωΛst) + cos(4ωΛst)
1 + s2
ds (17.50)
nH(t, s) =
2
pi
(
c
RΛ
)2(
1 + 2 cos(2ωΛst) + cos(4ωΛst)
1 + s2
)
(17.51)
NH(t) =
∫ ∞
0
nH(t, s)ds (17.52)
DH(t) = (1− exp(−2ωΛ|t|))
2 (17.53)
=
2
pi
∫ ∞
0
1− 2 cos(2ωΛst) + cos(4ωΛst)
1 + s2
ds (17.54)
dH(t, s) =
2
pi
(
1− 2 cos(2ωΛst) + cos(4ωΛst)
1 + s2
)
(17.55)
H2(t) =
NH(t)
DH(t)
=
∫∞
0
nH(t, s)ds∫∞
0
dH(t, s)ds
. (17.56)
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18 Cosmological Eigen-Functions
Let us consider the bilinear form for ρ1/2(t), the simplest of the bilinear
forms,
ρ1/2(t) =
2A1/2 exp(−ωΛ|t|)
1− exp(−2ωΛ|t|)
(18.1)
=
(4A1/2/pi)
∫∞
0
cos(ωΛst)ds/(1 + s
2)
(2/pi)
∫∞
0
(1− cos(2ωΛst))ds/(1 + s2)
. (18.2)
Because cos(θ) = (exp(iθ)+exp(−iθ))/2, all the cos(θ)s in the above formula
can be replaced with exponential forms with the result
ρ1/2(t) = 2A1/2
∫∞
0
(exp(iωΛst) + exp(−iωΛst))ds/(2 + 2s
2)∫∞
0
(1− (exp(i2ωΛst)− exp(−i2ωΛst))/2)ds/(1 + s2)
.(18.3)
In the following three equations, I introduce two bilinear representations,
Ψnl,ρ(t) and Ψ
∗
nl,ρ(t) for the total state. They are not independent because
one is the complex conjugate of the other and their normal linear superpo-
sition represents ρ1/2(t). Their use will be explained later.
Ψnl,ρ,+(t) =
2A1/2
∫∞
0
exp(−iωΛst)ds/(2 + 2s
2)∫∞
0
(1− (exp(i2ωΛst)− exp(−i2ωΛst))/2)ds/(1 + s2)
.(18.4)
Ψ∗nl,ρ,−(t) =
2A1/2
∫∞
0
exp(iωΛst)ds/(2 + 2s
2)∫∞
0
(1− (exp(i2ωΛst)− exp(−i2ωΛst))/2)ds/(1 + s2)
.(18.5)
ρ1/2(t) = Ψnl,ρ,+(t) + Ψ
∗
nl,ρ,−(t) = Ψnl,ρ(t) (18.6)
ρ(t) = Ψnl,ρ(t)Ψ
∗
nl,ρ(t). (18.7)
Thus the superposition of cos forms in these ratios generally can be replaced
with the superposition of exp forms provided a caveat is added to the effect
that an appearance of an exponential must always be accompanied with
the appearance of its complex conjugate with the same coefficient. With
this caveat we can take the exponential forms as representing the funda-
mental eigen-states of this system, the fundamental ones being taken as the
continuous infinite set,
Ψ(s, t) = exp(−iωΛst), 0 < s <∞. (18.8)
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Thus if these oscillations measured by the angular frequency, ωΛs, are in-
terpreted as of quantum origin, we can define the cosmological associate
energies as
E(s) = ~ωΛs (18.9)
and equation (18.8) can be expressed as
Ψ(s, t) = exp(−iE(s)t/~), 0 < s <∞ (18.10)
with the consequence we get the eignen-value equation equivalent to (17.4)
repeated below at (18.12) for comparison
i~
∂Ψ(s, t)
∂t
= E(s)Ψ(s, t) (18.11)
i~
∂Ψn(r, t)
∂t
= EnΨn(r, t). (18.12)
The local variable position vector, r, does not occur in the cosmology ver-
sion, (18.11), of this equation because all the states involved are uniformly
spatially constant and only vary with time. There is also no external poten-
tial so that from the cosmology point of view the full Schro¨dinger equation,
(17.3), essentially reduces to just the energy eigen-value version, equation
(18.11). The continuous variable s replaces the apparently discrete subscript
n but this parameter could under some circumstances also be continuous.
The possible range of the dimensionless variable s given at equation (18.10)
implies that the range of angular frequencies present is given by
0 < ωΛs <∞. (18.13)
Inspection of the formulae for the various superposed quantities reveals
that the second and fourth harmonics of all the range for, nωΛs, n = 2, 4,
frequencies are also simultaneously present so that the range (18.10) or
(18.13) is the complete set as it also includes all the harmonics nωΛs and
also includes the dark energy contribution, n = 0. It is now possible to
express ρ1/2(t) in terms of the bi-linear superposed eigen-values as
ρ1/2(t) =
2A1/2
∫∞
0
(Ψ(−s, t) + Ψ(s, t))ds/(1 + s2)∫∞
0
(1−Ψ(−2s, t)−Ψ(2s, t))ds/(1 + s2)
. (18.14)
All the other cosmological functions mentioned above can similarly be ex-
pressed in terms of the eigen-value set (18.13) and thus it is now possible
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to express all the essential cosmological structure in terms of ρ1/2(t) and
simultaneously in terms of the Ψ(ns, t) by the following connections
ρ(t) = (ρ1/2(t))2 (18.15)
ρ†Λ = 2A (18.16)
ρG(t) = ρ(t)− ρ
†
Λ (18.17)
H2(t) = (c/RΛ)
2((ρ(t)/A) + 1). (18.18)
The wave motion followed by the dark mass dark energy time relation pro-
cess seems to me to be particularly basic as it can also be identified, apart
from a constant multiplier, 2A/MU , as a spherical volume standing wave
with front, the boundary of the expanding or contracting universe. It is
repeated here for convenience,
rΛ,DM(t) = ρ
†
Λ/ρ(t) = (2A/Mu)VU(t) (18.19)
=
∫∞
0
(1− 2 cos(2ωΛst) + cos(4ωΛst))(1 + s
2)−1ds
2
∫∞
0
cos(2ωΛst)(1 + s2)−1ds
(18.20)
VU(t) being the volume of the universe at time t. This same type of grav-
itational wave motion also applies to the evolution of smaller sub-volumes
of mass within the universe with a time origin different from the universe’s
singular epoch time, t = 0. [38]. This cosmology theory is thus directly
derivable from the Schro¨dinger like eigen-equation (18.11), if the linear su-
perposition principle of quantum theory is replaced with the bilinear su-
perposition principle. The function rΛ,DM(t) is the ratio of the amount
of negatively gravitating positive mass within the universe to the amount
of positively gravitating positive mass within the universe as a function of
epoch time, t. At equation (18.19), we see that this ratio is proportional to
the volume of the universe and as a function of time it has the same shape
as does the volume of the universe as a function of time. This shape is near
infinite radius at t ≈ −∞ to zero radius at the singularity at t = 0 on to
near infinite radius at t ≈ +∞. Thus the wave motion that correspond to
this time shape can be thought of a converging to zero spherical wave front
at negative times to a diverging from zero spherical wave front at positive
times. On the other hand, the reciprocal of this ratio, the ratio of positive
gravitating mass within the universe to the negative gravitating mass within
the universe can be seen to be a spherical standing wave with centre fixed
at r = 0 with time varying radius, infinite at t = 0 and zero at t = ±∞.
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Possibly the best and most instructive image for the wave motion comes
from studying the wave form of,
ρG(t)/ρ
†
Λ = ρ(t)/ρ
†
Λ − 1, (18.21)
from which it can be inferred that the motion is not waves of density, but
rather waves of the gravity associated with the whole body of the universe.
The nodes for this motion occur at t = ±tc with the value zero, when the
acceleration changes sign through zero, and the antinodes occur at t = 0
and t = ±∞ with the values infinity and −1 respectively. The waves appear
to be waves in the gravitationally polarised aether ([39]), formed from the
positively gravitating universe’s mass, MU , and the negatively gravitating
mass of Einstein’s dark energy. However, whatever visualisation is chosen,
it remains a non-linear wave process formed by the bilinear superposition of
eigen-solutions of the Schro¨dinger like equation (18.11). Again it should be
noted that Einstein’s cosmological constant is central to the representation
of gravitational waves used in this theory because all the frequencies for
these waves depend essentially on it. From equation (18.13) it follows that
this special frequency range would not exist if ωΛ = (3Λ)
1/2c/2 → 0, as it
would if Λ → 0. Returning to the question of finding the full Schro¨dinger
equation representation for the Friedman dust universe, an objective that
can be achieved simply by operating on the non-linear cosmology state
function ,Ψnl,ρ(t) (18.4), with the quantum energy operator ~∂/∂t without
its usual imaginary unit, i. The result is
~∂Ψnl,ρ(t)/∂t = (VC(t))Ψnl,ρ(t) (18.22)
VC(t) = −(3~/2)H(t). (18.23)
Equation (18.22) is, not surprisingly, a non-linear Schro¨dinger equation with
a time dependent feedback potential function given by (18.23) and with no
dependence on a local vector position, r, features also not surprising. It is
essentially the quantum description of the influence of dark energy on the
conserved mass density ρ(t) for this model. The missing i in the quantum
energy operator in equation (18.22) can be restored by placing an i in the
numerator of the (3~/2) factor of VC(t). There is no reason in principle
why a feed back potential should not be imaginary in a quantum system
involving complex wave functions. In fact, the appearance of the i in the
potential function is characteristic of standing wave type solutions.
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19 The Probability Density Issue
In order to bring the cosmological structure into line with the Schro¨dinger
quantum structure it is necessary to decide how probabilistic concepts are
to be introduced or found in relation to the cosmology eigen-states and their
bilinear superposition. We can get a clue to how this might be done from
the quantum equation for probability density, ρQ(r, t), (17.6) which is the
Hermitean scalar product of the two amplitudes or wave functions repre-
senting this state. In the cosmology context we have seen that composite
states formed from bilinear superpositions of eigen-states are needed to play
the full state representation role. I have defined such a state representation
for the non-linear gravitationally positive mass density, ρ(t) at references
(18.4) to (18.7), now repeated at (18.20) and followed by a repeat of the
quantum probability density definition at (19.2).
ρ(t) = Ψnl,ρ(t)Ψ
∗
nl,ρ(t) =MU/VU(t) (19.1)
ρQ(r, t) = Ψ(r, t)Ψ
∗(r, t) (19.2)
ρC(t) = ρ(t)/MU = 1/VU(t). (19.3)
The function ρC(t), the cosmological mass density for positive gravitational
mass divided by the mass of the universe, MU , is an obvious contender
for representing cosmological probability density. However it is constant
over all positions within the spherical volume of the universe unlike the
the quantum probability density, ρQ(r, t), that is generally variable over
the region under consideration, such variability described by the position
vector r. The quantum probability density can answer the following type
of question. Given a spherical region, S, in which a particle is certain to
be found, what is the probability for finding this particle in some, s, sub-
region at a fixed time? The answer can be found by integrating the density
r over the region s. In the cosmological, situation with ρC(t) not dependent
on position the question and answer is somewhat trivial and the answer
would be the value of the volume of s divided by volume of S, correct
but not very interesting and clearly this is a consequence of the cosmology
states being spatially uniform in most present theory, a restriction that may
well be removed in the future. This type of probability question refers to
a fixed time density. However, if we ask the following different question
there is a more interesting answer. Given a time variable volume, V (t), in
which a particle is certain to be found at any time what is the probability
52
of finding this particle in a fixed valued volume, v, at some time t. The
answer to this question is, v/V (t) and clearly changes with the changing
volume, V (t). This seem to me to be much more interesting and it fits the
cosmological structure of this model when V (t) is taken to be VU(t). This
type of probability question refers to a changing time density. I shall assume,
following the discussion above, that the density, ρC(t), defined at equation
(19.1) and (19.3) can represent a probability density of the changing time
type. Thus these equations brings the cosmology structure yet closer to the
quantum structure at equation (19.2).
20 Conclusions
The first four sections of this paper are devoted to an expanded discussion
of the cosmological coincidence problem. Here the implications of the as-
tronomical measurements of the Ωs and Hubble’s constant are examined in
more detail than in the previous paper where a solution to this problem
was found. It is shown that given the present concensus of the age of the
universe it is possible to derive a definite value for Einstein’s cosmological
constant and at the same time resolve the coincidence problem thus remov-
ing a major impediment to the quantization of cosmology. The last sections
of this paper are devoted to expressing the contraction and expansion of
the universe in terms of gravitational waves. This is achieved by finding
the equivalent for cosmology of the quantum principle of linear superpo-
sition of states. The principle for cosmology reflects exactly the sense in
which cosmology is non-linear in relation to the equivalent linear principle
for quantum mechanics and is called bilinear superposition. The bilinear
superposition is then used to express the contraction or expansion of the
universe as spherical standing wave motion of varying radius. The principle
is also used to describe the time dependent relation between dark energy
and dark mass as a local radius varying standing wave. It is suggested that
this new non-linear gravitational wave motion has been detected in the form
of the expanding universe and is thus a reality unlike the usually theorised
but not detected linearised wave motion of general relativity.
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21 Appendix 4 Abstract
Solutions of a Cosmological Schro¨dinger
Equation for Exact Gravitational Waves
based on a Friedman Dust Universe
with Einstein’s Lambda
Earlier, it was shown that this cosmological model, originally described by
the Friedman equations, can be expressed as a solution to a non-linear
Schro¨dinger equation. In this appendix, a large collection of solutions to
this Schro¨dinger equation are found and discussed in the context of relaxing
the uniform mass density condition usually employed in cosmology theory.
The surprising result is obtained that this non-linear equation can have
its many solutions linearly superposed to obtain solution of the cosmology
theory problem of great generality and applicability.
In the paper D, [34], it was shown that the quantum vacuum polarisa-
tion idea can be seen to play a central role in the Friedman dust universe
model introduced by the author. In the paper, [40], it was shown that the
Friedman equation structure can be converted into a non-linear Schro¨dinger
equation structure. Here, this aspect is further developed by supplementing
the solutions to this time only equation with a dependence on a three di-
mensional space position vector, r, so that the equation remains consistent
with its cosmological origin. This step then enables finding cosmological
models that are not restricted to having a mass density that is certainly
time dependent but otherwise remains constant over all three dimensional
position space at every definite time. It is convenient here to repeat a very
brief reminder of the structure of Schro¨dinger theory in relation to the
Friedman equations. The two Friedman equations from general relativity
and the Schro¨dinger equation from quantum theory have the following three
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forms,
8piGρr2/3 = r˙2 + (k − Λr2/3)c2 (21.4)
−8piGPr/c2 = 2r¨ + r˙2/r + (k/r − Λr)c2 (21.5)
i~
∂Ψ(r, t)
∂t
= −
~
2
2m
∇2Ψ(r, t) + V (r)Ψ(r, t) (21.6)
EnΨn(r, t) = i~
∂Ψn(r, t)
∂t
(21.7)
∇ = i∂/∂x + j∂/∂y + k∂/∂z (21.8)
ρQ(r, t) = Ψ(r, t)Ψ
∗(r, t) (21.9)
Ψ(r, t) =
∑
n
∫
cnΨn(r, t). (21.10)
The non-linear Schro¨dinger equation that was obtained in reference [40] has
the form
i~∂Ψnl,ρ(t)/∂t = (VC(t))Ψnl,ρ(t) (21.11)
VC(t) = −(3i~/2)H(t) (21.12)
and can be compared with the general linear Schro¨dinger equation at (21.6).
The non-linearity of the cosmological version is indicated by the feedback
potential VC(t), (21.12) replacing the external potential at (21.6). The state
vector Ψnl,ρ(t) in the cosmology version initially has no dependence on local
position denoted by the three vector, r, as in the quantum version, (21.6).
This deficiency will be rectified in the following section.
22 Position Variable Cosmology Schro¨dinger equation
Before starting this section, it is necessary to make some remarks about
the dimensionality of the usual physical position coordinate vector, r =xi+
yj+ zk. This is often taken to have the dimension, m, physical length. The
relativistic metric used in this theory is of the form
ds2 = c2dt2 − r2(t)(dx`2 + dx`2 + dx`2). (22.1)
In this work up to date, I have taken the scale factor r(t) to represent the
physical radius of the universe at epoch time t so that it has the dimension
m, physical length. If as usual, c has the physical dimensions ms−1 and t
55
has the physical dimension, s, then ds in the metric will have the dimension
m and so the vector, r` = x`i + y`j + z`k, will be dimensionless and this is
indicated by the above grave accent. The theory I am working with here
is non-linear and attempting to use dimensioned position coordinates can
lead to dimensionality chaos. Thus from now on, I shall usually work with
the dimensionless position coordinates and use the grave sign to indicate
this. Consistent with this policy it is useful it define the dimensionless
quantities using the fundamental length RΛ as follows and starting with a
dimensionless radius for the universe, r`(t),
r`(t) = r(t)/RΛ (22.2)
x` = x/RΛ (22.3)
y` = y/RΛ (22.4)
z` = z/RΛ. (22.5)
I shall also use the grave accent to indicate that a function is dimensionless
as with f`(r). My strategy in the following work is firstly, to introduce
space dependence, r`, into the cosmological Schro¨dinger equation (21.11)
and then , secondly to show that the introduction of an r` dependence can
be made consistent with the original Friedman equations structure without
damaging their validity as a rigorous solution to Einstein’s field equations.
Firstly, I rewrite the purely time dependent equation (21.11) assuming an
extra dependence on r` in the original state vector Ψnl,ρ(t), while leaving the
feedback term unchanged.
i~∂Ψnl,ρ(t, r`)/∂t = (VC(t))Ψnl,ρ(t, r`) (22.6)
VC(t) = −(3i~/2)H(t). (22.7)
The first question that arises is, can this step be done consistently? The
answer to this is in the affirmative as can be shown as follows. Rewrite
(22.6) as equation (22.8) and followed by the time integration at (22.9) and
then inverting the logarithm at (22.10)
∂ lnΨnl,ρ(t, r`)/∂t = −(3/2)H(t) (22.8)
ln(Ψnl,ρ(t, r`)/Ψnl,ρ(t0, r`)) = −(3/2)
∫ t
0
H(t′)dt′ (22.9)
Ψnl,ρ(t, r`) = Ψnl,ρ(t0, r`) exp
(
−
3
2
∫ t
t0
H(t′)dt′
)
(22.10)
Ψnl,ρ(t0, r`) = Ψnl,ρ(t0)f`(r`) (22.11)
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Thus introducing a dimensionless function, f` , with r` dependence presents
no problems. It means just multiplying the original time only dependent
wave function, Ψnl,ρ(t0), with the purely space dependent function, f`(r`).
This also partially justifies not including any space variation in the Hubble
function, H(t). However, this last point will be fully justified when the
affect on the purely time dependent Friedman equations, (21.4) and (21.5),
is examined in the next paragraph. I should be remarked that the function
f`(r`) can be a complex valued function in the context of quantum theory
wave function structure. This fact will be seen to be useful as the story
unfolds.
The relation of the cosmological Schro¨dinger equation and the Friedman
equations clearly has to be mutual consistency. A threat to this consistency
is the obvious difference between the purely time dependent mass density
function ρ(t) in the Friedman set and the now proposed space time vari-
ability through r` in the Schro¨dinger equation wave function, (22.10). In
using the original Friedman equations, (21.4) and (21.5), it has been com-
mon practice to assume that ρ(t) is a purely time dependent mass density
chosen as a working approximation to a correct more general time and space
dependant version and so rendering difficult mathematics viable though less
physically accurate. This was my starting position when I wrote the first
paper, A, in this sequence of papers. However, having found the non-linear
Schro¨dinger equation (21.11) it has become clear that the common practice
position with regard to ρ(t) needs some modification. My view now is that
ρ(t) is a correct quantity in its own right, giving information about the
cosmology structure as a global entity. Its definition is repeated below,
ρ(t) = MU/VU(t) (22.12)
MU = ρ(t)VU (t), (22.13)
whereMU is the total conserved positively gravitational mass of the universe
and VU(t) is the volume of the universe at epoch time t. If ρ(t), does have
a definite meaning in its own right and is not just an approximation to a
better space dependent version then it can be retained with its self identity
as before. This special significance of ρ(t) is effectively retained by keeping
it but multiplied by the space dependant contribution as in (22.11). From
the existence of a possible true space and time dependent version from
Schro¨dinger theory it can be seen that the definition for the mass, MU ,
of the universe that appears in (22.12) with the space dependent density,
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should be
MU(t) = RΛ
3
∫ ∫ ∫
VU (t)
ρ(t, r`)dx`dy`dz` (22.14)
= RΛ
3
∫ ∫ ∫
VU (t0)
ρ(t0, r`)dx`dy`dz` (22.15)
= MU = a constant (22.16)
ρ(t0, r`) = Ψnl,ρ(t0, r`)Ψ
∗
nl,ρ(t0, r`) = Ψnl,ρ(t0)Ψ
∗
nl,ρ(t0)f`(r`)f
∗(r`)(22.17)
= ρ(t0)f`(r`)f`
∗(r`), (22.18)
where VU(t) is the volume of the universe at time t, the time dependent
spherical volume over which the integration is taken at time t and equations,
(22.14), (22.15) and (22.16), holding because the total mass within the
universe is a constant over time. In other words MU is a time conserved
quantity or within the universe’s changing boundary, density movement
should satisfy the equation of continuity which in the usual coordinates is
∂ρ(t, r)/∂t = −∇(v(t, r)ρ(t, r)). (22.19)
From equations (22.15) and (22.18), we get
MU (t0) = RΛ
3
∫ ∫ ∫
VU (t0)
ρ(t0, r`)dx`dy`dz` (22.20)
= ρ(t0)RΛ
3
∫ ∫ ∫
VU (t0)
f`(r`)f` ∗(r`)dx`dy`dz`. (22.21)
Thus once the function, f`(r`), is chosen, it appears that we can find the
constant value of the mass of the universe, MU . However, this appearance
is deceptive because there is the complication that to get a constant valued
numerical value from this equation we have to have a constant valued volume
to integrate over while VU(t0) depends on t0 and so is in a sense time variable.
It is necessary to have a value for MU so that the value of the dimensioned
length multiplier b = (Rλ/c)
2/3(2MUG)
1/3 in the radius of the universe can
be considered known,
r(t) = b sinh2/3(±3ct/(2RΛ)) (22.22)
b = (RΛ/c)
2/3C1/3 (22.23)
RΛ = (3/Λ)
1/2 (22.24)
C = 2MUG. (22.25)
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Thus we seem to be left with the only options of finding the value ofMU from
experiment or just accept that it is an arbitrary dimensioned constant until
some alternative route to finding its value is found. The numerical value of
MU makes no difference to the theoretical structure of the theory, it only
effects the numerical value of Rindler’s constant, C, and any quantity in
which this constant appears as a numerical multiplier which beside r(t) the
velocity of expansion v(t) and the acceleration, a(t), are involved. However,
importantly for the non-linear Schro¨dinger equation, H(t), does not involve
the value of MU ,
H(t) = r˙(t)/r(t) = (c/RΛ) coth(3ct/(2RΛ)). (22.26)
Because the integral in (22.21) is over the volume of the universe VU(t0)
which is given by
MU
VU(t0)
=
(
3
8piG
)(
c
RΛ
)2
sinh−2
(
3ct0
2RΛ
)
= ρ(t0)
=
(
ρ†Λ
2
)
sinh−2
(
3ct0
2RΛ
)
= ρ(tc) =
MU
VU(tc)
(22.27)
MU(t0) = ρ(t0)RΛ
3
∫ ∫ ∫
VU (t0)
f`(r`)f` ∗(r`)dx`dy`dz` (22.28)
MU(t0) = MU (t0)
RΛ
3
VU(t0)
∫ ∫ ∫
VU (t0)
f`(r`)f` ∗(r`)dx`dy`dz` (22.29)
1 =
RΛ
3
VU(t0)
∫ ∫ ∫
VU (t0)
f`(r`)f` ∗(r`)dx`dy`dz` (22.30)
the relation, (22.30), gives a normalisation condition over physical space
on a probability function density of space position variability, ρspace(r) =
f`(r`)f` ∗(r`), following by cancellation of the mass of the universe MU in the
previous equation, which apparently holds from some definite time, t0, at
least. Thus the function ρspace(r) is just what is needed to describe the
probability for finding mass at position r, in the Schro¨dinger equation cos-
mology context at time, t0. However, consistency demands that equation
(22.30) holds, at least, for some specific time t0. Thus we need to check out
that such a time exists. From equation (22.27), we see much that we knew
all along but, usefully, we see the value for the volume of the universe at
time tc, the time when deceleration changes to acceleration, is the obviously
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very constant value,
VU(tc) =
MU
ρ†λ
=
(
4piMUG
3
)(
RΛ
c
)2
(22.31)
that we need to evaluate the apparently time dependent multiples integrals
such as
1 =
RΛ
3
VU(tc)
∫ ∫ ∫
VU (tc)
f`(r`)f` ∗(r`)dx`dy`dz`. (22.32)
Thus we seem very near a prescription for a usable cosmological Schro¨dinger
equation. However, given a space dependent solution like (22.10) it is likely
that the part − ~
2
2m
∇2Ψ(`r, t) of the quantum version at (21.6) would occur
and this might render the cosmological quantum version not consistent with
cosmology. It is by no means certain that such a complication would neces-
sarily occur and not be handleable but certainly it can be avoided by playing
safe and imposing the condition on this term as being zero as follows,
~
2
2m
∇2Ψ(t, r`) = 0. (22.33)
This implies that the function f`(r`) from equation (22.11) also satifies the
Laplace equation,
∇2f`(r`) = 0. (22.34)
The Laplace equation has a very large number of solutions. Thus there
are many possible space dependent versions for the wave function, Ψ(t, r`).
Furthermore, I shall show that in spite of the cosmological Schro¨dinger
being non-linear, the many solutions of the Laplace equation can be linearly
superposed to produce yet more solutions. Thus although the condition
(22.33) reduces the number of possibilities that might be considered for
the space dependent wave function it leaves us more than enough solutions
to think about for a very long time. It does have another advantage that
could turn out to be important concerning a possible quantum conjugate
momentum, pˆC , for the space variable r. this can be defined as
pˆC =
~∂
∂r
= ~∇. (22.35)
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and this momentum exists as a result of the Laplace equation (22.33) and
automatically takes the form after operating on the wave function as follows
pˆCΨ(t, r`) = ~∇∧ g(t, r`), (22.36)
where g(t, r`) is some definite vector function of t and r`.
The wave motion followed by the dark mass dark energy time relation
process can help to identify the effect that introducing position dependence
has on the hyperspace vacuum. Space dependence implies the need to see
this process as also space dependent. The density functions for the dark
mass, dark energy and the ratio, rΛ,DM(t), of dark energy to dark mass as
functions of the time only global process are respectively represented by
ρ(t) = (3/(8piG))(c/RΛ)
2 sinh−2(3ct/(2RΛ)) (22.37)
ρ†Λ = (3/(4piG))(c/RΛ)
2 (22.38)
rΛ,DM(t) = ρ
†
Λ/ρ(t) = 2 sinh
2(3ct/(2RΛ)) (22.39)
rΛ,DM(±tc) = 2 sinh
2(±3ctc/(2RΛ)) = 1. (22.40)
The space time dependent version for (7.1) is given simply by multiplying
both sides of this equation by the space dependant contribution f`(r`)f` ∗(r`)
giving
ρ(t, r) = (3/(8piG))(c/RΛ)
2f`(r`)f` ∗(r`) sinh−2(3ct/(2RΛ)) (22.41)
= (Λc2/(8piG))f`(r`)f` ∗(r`) sinh−2(3ct/(2RΛ)). (22.42)
From equation (22.42), it follows that the cosmological constant Λ and the
space dependence function can be taken together to define a local space
dependent cosmological function, Λ(r), associated with any specific solution
of the Laplace equation as follows
Λ(r) = Λf`(r`)f` ∗(r`) (22.43)
= Λf`(r/RΛ)f`
∗(r/RΛ). (22.44)
It follows from this definition, that the mean value of the cosmological func-
tion is equal to Λ for all solutions of the Laplace equation. In other words,
the cosmological function is centred on Einstein’s cosmological constant.
The linearity superposition of the various solutions of the Cosmological
Schro¨dinger equation (21.11) to produce more solutions follows from (22.10)
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as in the following. Suppose we have two arbitrarily chosen spatially differ-
ent solutions of this equation labelled with subscripts 1 and 2 as in
Ψnl,ρ,1(t, r`) = Ψnl,ρ,1(t0, r`) exp
(
−
3
2
∫ t
t0
H(t′)dt′
)
(22.45)
Ψnl,ρ,2(t, r`) = Ψnl,ρ,2(t0, r`) exp
(
−
3
2
∫ t
t0
H(t′)dt′
)
(22.46)
Ψspp(t, r`) = c1Ψnl,ρ,1(t, r`) + c2Ψnl,ρ,2(t, r`)
= Ψspp(t0, r`) exp
(
−
3
2
∫ t
t0
H(t′)dt′
)
, (22.47)
where c1 and c2 are arbitrary constants and the subscript spp means super-
posed. It follows from (22.47) that any number of solutions of the cosmolog-
ical Schro¨diner equation can be linearly superposed to produce yet further
solutions. Thus, altogether, there is vast scope to produce solutions with
almost any space form whatsoever. The common feature of all the solutions
is that that they all related to the common cosmological platform defined
by and with the same time variation structure of the space constant density
function of the Friedman equations. The final prescription for finding solu-
tions to the cosmological Schrodinger equation involve the following three
steps. Find any solution, f , to the three dimensional Laplace equation and
involve in this solution one initially multiplicative arbitrary constant, A0.
Form the space-time wave function for this solution, Ψ(t, r). Find the value
of A0 by using the probability normalisation condition and integration over
the Hermitian square of f over the volume of the universe at time, tc. The
wave function will then be completely determined. The probability density
is also now fully determined via the definition ρC(t, r) = Ψ(t, r)Ψ
∗(t, r). The
result will be a probability density function over space and time which is
compatible with the Friedman equations from general relativity. The steps
will be demonstrated in the next subsection for one typical case.
22.1 A Simple Example
I shall finish this paper with the simplest nontrivial example giving a uni-
verse that involves a varying space and time density. One of the simplest
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solutions, f(r`), to the Laplace equation (22.34) is the sum of three variable
complex numbers and just one arbitrary dimensionless constant, A0,
f(r`) = A0((x`+ iy`) + (y` + iz`) + (z` + ix`))
= A0(x`+ y` + z`)(1 + i). (22.48)
f` ∗(r`) = A0(x`+ y` + z`)(1− i) (22.49)
f`(r`)f` ∗(r`) = 2A20(x`+ y` + z`)
2 (22.50)
= 2(A0/RΛ)
2(x+ y + z)2 = F (r), say. (22.51)
The definition (22.51) displays the formula in terms of the physical space
coordinates, x, y, z. The normalisation condition on the probability density,
(22.30), at time tc requires the following two results
1 =
1
VU(tc)
∫ ∫ ∫
VU (tc)
f`(r`)f` ∗(r`)dxdydz (22.52)
VU(tc) =
(
4piMUG
3
)(
RΛ
c
)2
. (22.53)
We need to evaluate the triple integral over the physical coordinates to find
the value of the arbitrary constant A0. This will be done in spherical polar
coordinates with some condensations of notation used for the sin and cos
functions,
x = r sin(θ) cos(φ) = rSθCφ (22.54)
y = r sin(θ) sin(φ) = rSθSφ (22.55)
z = r cos(θ) = rCθ (22.56)
dxdydz = r2drSθdθdφ (22.57)
0 < θ ≤ pi, 0 < φ ≤ 2pi, 0 < r ≤ r(tc) (22.58)
r(tc) = (MUG(RΛ/c)
2)1/3 (22.59)
Thus the function, F (r) = f`(r`)f` ∗(r`), in the triple integral becomes
F (r) = 2(A0/RΛ)
2(x+ y + z)2 (22.60)
= 2(A0r/RΛ)
2(SθCφ + SθSφ + Cθ)
2 (22.61)
= 2(A0r/RΛ)
2((1 + 2(SθCφSθSφ + SθCφCθ + SθSφCθ))(22.62)
= 2(A0r/RΛ)
2((1 + 2(SθSθSφCφ + SθCθCφ + SθCθSφ))(22.63)
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Introducing the further notation
ir = r
4dr Ir =
∫ r(tc)
0
ir = r
5(tc)/5 (22.64)
iθ,1 = S
3
θdθ, I1 =
∫ π
0
iθ,1 =
4
3
(22.65)
iφ,1 = SφCφdφ, I2 =
∫ 2π
0
iφ,1 = 0 (22.66)
iθ,2 = S
2
θCθdθ, I3 =
∫ π
0
iθ,2 = 0 (22.67)
iφ,2 = Cφdφ, I4 =
∫ 2π
0
iφ,2 = 0 (22.68)
iφ,3 = Sφdφ, I5 =
∫ 2π
0
iφ,3 = 0 (22.69)
the integral element and the integral can be expressed as
dI = 2(A0r/RΛ)
2((1 + 2(SθSθSφCφ + SθCθCφ + SθCθSφ))r
2drSθdθdφ
= 2(A0/RΛ)
2ir(dθdφ+ 2(iθ,1iφ,1 + iθ,2iφ,2 + iθ,2iφ,3)) (22.70)
I(tc) = (4/5)
(
A0pi
RΛ
)2
r5(tc). (22.71)
The last expression for I(tc) is all that is left after integration. The nor-
malisation condition at time tc using (22.31) can now be used to find the
numerical value of A0 by
1 = I/VU(tc) = (4/5)
(
A0pi
R2Λ
)2
r5(tc)
(
3c2
4piMUG
)
(22.72)
=
3A20pi
5
(
MUG
c2RΛ
)2/3
(22.73)
A0 =
(
5
3pi
)1/2(
c2RΛ
MUG
)1/3
(22.74)
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Thus the full solution for the wave function, the probability density and all
the constants involved is as follows:
Ψnl,ρ(t, r`) = Ψnl,ρ(tc, r`) exp
(
−
3
2
∫ t
tc
H(t′)dt′
)
(22.75)
Ψnl,ρ(tc, r`) = Ψnl,ρ(tc)f`(r`) (22.76)
Ψnl,ρ(tc) = (ρ
†
Λ)
1/2 (22.77)
f`(r`) = (A0/RΛ)(x+ y + z)(1 + i) (22.78)
ρ(t, r) = 2(A0/RΛ)
2ρ†Λ(x+ y + z)
2 exp
(
−3
∫ t
tc
H(t′)dt′
)
(22.79)
ρ†Λ =
Λc2
4piG
(22.80)
A0 =
(
5
3pi
)1/2(
c2RΛ
MUG
)1/3
. (22.81)
23 Appendix 4 Conclusions
In an earlier paper, it was shown that a non-linear Shro¨dinger equation can
be obtained from the Friedman cosmology equations which is entirely con-
sistent with those equations. Here, the time evolution of this Schro¨dinger
equation is examined in relation to conservation of the universe’s total pos-
itive gravitational mass. This leads to the identification of a wave function
for cosmology states with a definite time evolution and consequently also to
a probability density for cosmology. This cosmological probability density
can depend on spatial variability in addition to just the time variability
of the Friedman equation structure. Consistency of the new Schro¨dinger
equation with its originating Friedman set is achieved by restricting solu-
tions to the condition that they satisfy the Laplace equation in hyperspace.
It becomes clear that, even with this restriction, a multiple infinity of so-
lutions remain available and applicable. The structure of this theory seems
to confirm the view often expressed about the quantum vacuum that it is a
bubbling cauldron of activity in the form of random quantum transitions,
such as pair production and annihilation, between short lived virtual states
of fundamental particles. The expansion of the universe can be explained
in such terms as a spherical advancing and evolving wave of quantum before
and after measurement type conditions in reverse through the expanding
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boundary. Just outside the expanding boundary, the vacuum chaotic states
as described by the wave function, resourced by the multiplicity of solutions
of the Laplace equation, are progressively converted from chaos to a definite
gravitational form sufficient to describe the mass density that has taken up
residence within the expanded boundary. The universe expansion colonises
surrounding hyperspace so as to accommodate within its boundary its con-
served positive gravitational mass with more territory and in a quantum
form that can hold non-transient positive gravitational mass. Outside the
universe the solution holds but remains a linear superposition of many var-
ied chaotic transient states with mass density value centred on the value of
twice Einstein’s dark energy mass density ρ†Λ.
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